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Abstract

In the environment with independent private values and quasilinear pref-
erences,this paper studies the problem of selectingan optimal mechanism by
a principal who has private information. I �rst demonstrate that the ex-ante
optimal allocation is a strong solution (Myerson [14]): it is equivalent to the
collection of allocations that would be optimal for the principal if her infor-
mation were public knowledge. Second,I show that an informed principal will
implement a strong solution, i.e., an ex-ante optimal allocation, as a unique
equilibrium outcome.

Keywords: ex-ante optimal allocation, optimal auction, informed principal, strong
solution.

1 In tro duction

In the environment with independent private valuesand quasilinearpreferences,this
paper studies the problem of optimal mechanism designunder the assumptionthat
the mechanismdesignerhassomeprivate information. This informed principal prob-
lem appearsnaturally in many circumstances:(1) in auctionsfollowedby inter-bidder
resale,where the resellingparty deciding on an optimal resalemechanism often has
private information about her own valuation (see,Haile [8], Zheng[21], and Garratt
and Tr•oger [6]), (2) in collusion settings, whereoneof the privately informed agents
o�ers an optimal collusion mechanism (see,Quesada[16] and [17]), (3) in procure-
ment, wherethe valueof the good for the procuring agencyis its private information,
(4) in the provision of public good, where the government has private information
about the cost of producing the good, and so on.
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Unfortunately, the solution of the informed principal problem in quasilinear en-
vironments with independent private valueshas beenobtained only for two special
cases:Proposition 11 in Maskin and Tirole [9] (henceforth,MT) providesa result for
strictly quasilinear payo�s, oneagent, and two types,whereasTheorem1 in Yilankaya
[20] appliesto the setting with linear payo�s, oneagent, and a continuum of types.1

(In both cases,a monotonehazard rate assumptionis either automatically satis�ed
or is assumedto hold. Moreover, the existenceof equilibrium in the continuum case
has not been demonstrated. SeeTable 1.) As a result, the literature on resalein
auctionsand collusiondealswith the informed principal problem either by assuming
the mechanismsthat canbe selectedby the informed principal (as in Haile [8], Zheng
[21], and Calzolari and Pavan [4]) or by restricting attention to the settingswith one
agent for which the results are available (as in Quesada[16] and [17]).

One agent One agent N agents
Linear Preferences Strictly Quasilinear Either

Preferences Preferences

Discrete types NA Maskin and Tirole NA
(Two types)

Continuum of Yilankaya
types (If equilibrium NA NA

exists)

Table 1: Existing results on the allocation implemented by an informed principal in
the setting with independent private values. \NA" meansthat no result is available.

This paper addressesthis issueand shows that in the model with independent
private values,many agents, quasilinearpreferences(which includesboth linear and
strictly quasilinear), and arbitrary independent distributions of private information
(which includesboth discreteand continuous cases),the informed principal will im-
plement an ex-ante optimal allocation as a unique equilibrium outcome. This result
generalizesthe �ndings in Yilankaya and MT for quasilinearpreferences.2

This result is obtainedin threesteps. First, I demonstratethat the ex-ante optimal
allocation is separablein the collection of allocations optimal for the principal under
public knowledgeof her information.3 This implies that the ex-ante optimal allocation
is a strong solution (Myerson[14], henceforth,MN). 4

Second,I prove that a strong solution is an equilibrium outcomeof the mechanism

1A strictly quasilinear payo� function is non-linear in the amount of good and linear in the
payment; a linear payo� function is linear in both arguments.

2However, the main emphasisin MT is on preferencesthat are more general than quasilinear.
3The allocation achieving the highest ex-ante payo� among all interim individually rational and

incentiv e compatible allocations is called ex-ante optimal.
4A strong solution is an allocation that is (a) undominated - there is no other incentiv e compatible

allocation that yields all typesof the principal a weakly higher payo� and sometypesof the principal
a strictly higher payo�, and (b) safe - it is incentiv e compatible conditional on the true type of the
principal.
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selectiongamein which the informed principal proposesa mechanismand the agents
decidewhetherto acceptit. This result is closelyrelatedto the following two resultsin
the literature. First, MN hasalready shown that a strong solution is an equilibrium.
Second,MT have proven that an allocation, called Strong Unconstrained Pareto
Optimum (SUPO), is an equilibrium. (It can be shown that SUPO coincideswith
strong solution if the latter exists.) Unfortunately, their results cannot be directly
applied to my model, since I allow for continuous type spacesand, in particular,
cannot rely on the Walrasian equilibrium apparatus developed in MT. However, in
proving my result I usequalitativ e stepssimilar to thoseof MN and MT.

As the �nal step, I generalizeYilankaya's insight that separability of the ex-
ante optimal allocation into the collection of the allocations optimal under public
knowledge of the principal's information implies that this allocation is the unique
candidate for an equilibrium: Proposition 2 states that a strong solution is a unique
equilibrium outcome.

I would like to stressthat the results in this paper do not imply that the equi-
librium itself is unique. First, the strong solution is unique only up to the party's
expected payo�s conditional on their private information, but not in their ex-post
payo�s; the latter may di�er due to multiple possibilities to administer the pay-
ments. Second,a strongsolution couldbe implemented in multiple ways: for instance,
through a singlemechanismselectedby all typesof the principal (an ex-ante optimal
mechanism) or through multiple mechanismsselectedby di�erent typesof the prin-
cipal (mechanismsoptimal under public knowledgeof the principal's information).5

Neither of the above results are straightforward to obtain. First, it is not apri-
ori clear that the ex-ante optimal allocation should be separablein the collection of
allocations optimal under public knowledgeof the principal's information: one may
expect that the principal can achieve more in the ex-ante optimal allocation sincein
this allocation incentive constraints are required to hold in expectation over princi-
pal's types, whereasunder public knowledgethey hold conditional on each principal's
type. The separability of the ex-ante optimal allocation is obtained under an appro-
priate monotonicity assumptionfor any quaslinear payo�s (Proposition 1) and, more
surprisingly, also without monotonicity assumptionfor linear payo�s and continuous
types(Proposition 2). In Section6, I present an examplein which the separability of
the ex-ante optimal allocation fails becauseof type-dependent reservation utilit y.

Second,it is not immediate that the informed principal will implement the ex-
ante optimal allocation even if it is separable. To seethis, consider the following
examplefrom Yilankaya. There is a buyer and a sellerwho have linear preferencesin
the probability of having the good and the price paid. The valuation of the good is
each party's private information distributed uniformly on [0; 1]. Let the sellerbe the
principal. In equilibrium the principal will selectthe ex-ante optimal mechanism, the
ultimatum bargaining game(Williams [19]). Nevertheless,the principal can always
deviate and o�er the 1

2-double auction. If the buyer's beliefs after this deviation

5This is consistent with the Inscrutabilit y Principle by Myerson[14] which statesthat any existing
equilibrium outcome can also be achieved in someequilibrium in which all types of the principal
select the samemechanism.
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stay prior, it is shown in Yilankaya that the low types of the principal will obtain
a strictly higher payo� in this mechanism than in the ultimatum bargaining game.
Hence,supporting the ultimatum bargaininggameasan equilibrium outcomerequires
�nding non-trivial out-of-equilibrium beliefsfor the 1

2-doubleauction (and, similarly,
for any other alternative mechanism) such that no type of the principal would want
to deviate and o�er this mechanism.

The remainderof the paper is organizedas follows. Section2 presents the model.
Section3 demonstratesthat an ex-ante optimal allocation is a strong solution. Sec-
tion 4 proves uniquenessof the equilibrium outcome. Section 5 proves existenceof
equilibrium. Section6 concludes.

2 Mo del

2.1 Environmen t

There areN + 1 players. Player 0 is calledthe principal and the rest of the playersare
called the agents. Playerscan contract on an allocation (y0; :::; yN ; t0; :::; tN ) 2 Y � T,
Y = f (y0; :::; yN )jyi 2 [0; 1];

P
i yi � 1; i = 0; :::; N g, T = f (t0; :::; tN )jt i 2 R;

P
i t i =

0; i = 0; :::; N g.
A player's type ~� i (or a valuation) is an independent random variable with a

distribution function Fi (�) de�ned on a bounded interval of 
 i � R. (That is, I
allow for discrete types.) Denote by � i the corresponding probability measureand
let supp(� i ) be the support of this measure.

Also, let � = (� 0; :::; � N ), � � i = (� 0; :::; :::; � i � 1; � i +1 ; :::; � N ), and de�ne � � 0 and
� � (0;i ) similarly; let 
 = 
 0 � :::� 
 N , 
 � i = 
 0 � :::� 
 i � 1 � 
 i +1 � :::� 
 N , and de�ne

 � 0 and 
 � (0;i ) similarly; let � = � 0 � ::: � � N , � � i = � 0 � ::: � � i � 1 � � i +1 � ::: � � N ,
and de�ne � � 0 and � � (0;i ) similarly. Finally, de�ne � i to be the lowest possiblevalue
of ~� i . It is assumed,without lossof generality, that � i 2 supp(� i ).

Playershave quasilinearpayo� functions ui (� i ; yi ; t i ) = vi (� i ; yi ) � t i , where� i is a
realizedtype of player i , and v(�; �) is a continuous di�erentiable function de�ned on

 i , which is weakly concave in yi , and satis�es the single-crossingproperty, vi (� 0

i ; y0
i ) �

vi (� 0
i ; yi ) � vi (� i ; y0

i ) � vi (� i ; yi ) for � 0
i � � i and y0

i � yi . Regardlessof the player's type,
her reservation utilit y is zero.

2.2 Mec hanisms

In contrast to standard mechanism design, in the informed principal problem one
cannot invoke the Revelation principle (see,for instance,Myerson[12] or Dasgupta
et al. [5]) and work directly with incentive-compatible allocations. The problem
is that in equilibrium it is necessaryto specify out-of-equilibrium beliefs for any
mechanism proposal o� the equilibrium path. For a given mechanism this requires
consideringhow the equilibrium allocation in this mechanism changesfor di�erent
(out-of-equilibrium) beliefs. Therefore,I have to explicitly describe the set of allowed
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mechanisms.6

A mechanismis a gameform, M : A0 � A1 � :::� AN ! Y � T, whereA0; A1; :::; AN

are players' (pure) strategy spaces,which are compact and Hausdor�. Let � be the
beliefspro�le of the players.7 The solution conceptfor the outcomein a mechanism
M given � is Nash equilibrium in distributional strategies. Finally, I assumethe
existenceof public correlation device which allows the parties to coordinate on a
speci�c continuation equilibrium in a mechanism 8

Remark. The mechanismsin our model are strategic gameforms. In general,one
should considermechanismsthat are extensive gameforms. Hence,Perfect Bayesian
or Sequential equilibria could be more appropriate solution concepts.The results in
this paper would stay true for thesesolution conceptsif a generalexistenceresult of
theseequilibria in the gameswith arbitrary distributions of typeshad beenavailable.

2.3 Mec hanism selection game

The timing of the mechanism selectiongameis as follows. First, all players simulta-
neouslyand privately observe � i . After that, the principal o�ers a mechanism. All
players simultaneously decidewhether to accept the proposedmechanism or not. If
the proposalis acceptedunanimously, the mechanismis played and the gameends. If
at least one player rejects the proposedmechanism, players obtain their reservation
utilities and the gameends.

To avoid trivial equilibria in which regardlessof the proposalby the principal every
agent expectsthe others to reject and thereforealsorejectsthe proposedmechanism,
I imposea re�nement that an agent must accepta proposedmechanismif conditional
on her beliefsin the (possibly, out-of-equilibrium) event the mechanism is played her
continuation payo� is weakly positive.

The structure of information, preferences,and the rules of the gameare common
knowledge. The solution conceptis Perfect Bayesianequilibrium (with the modi�ca-

6An alternativ e would be to implicitly de�ne the set of allowed mechanismsby assumingproper-
ties required for the existenceof an equilibrium. The literature on the informed principal problem
has used both options. MN, for instance, explicitly de�nes the set of mechanisms. MT de�ne
mechanisms to be arbitrary (possibly, extensive) game forms with �nite strategy spaces.However,
when proving uniqueness,they permit more complicated mechanisms implicitly de�ned by proper-
ties neededfor existence.Yilankaya doesnot describe the set of mechanisms. The set of mechanism
allowed in our model comprisesthe classesallowed in MT or in MN.

7Beliefs: In our model the spaceof possibletypes is supp(� ) = � N
i =0 supp(� i ) � RN +1 , which is

compact, sincesupp(� i ) is compact. The spaceof beliefs P(supp(� )), or simply P, is the set of all
probabilit y measures� (�) on the Borel setsB of supp(� ). In particular, this allows for beliefswhich
have discrete support. The spaceof beliefs is endowed with the weak topology � (P; Cb), where Cb

is the set of bounded and continuous functions on supp(� ). Under weak topology a sequenceof
beliefs ~� n is convergent to somebeliefs � 0 if

R
f d~� n !

R
f d� 0 for all f 2 Cb. It follows that P is

compact and metrizable (see,for instance, Theorem 14.11 in Alipran tis and Border [1]). The same
de�nitions and therefore the compactnessresult can be repeatedfor the subspaceof the beliefsabout
the principal's type, P0.

8This assumption is neededto convexify the set of continuation equilibrium payo�s following an
out-of-equilibrium o�er of a mechanism; without this assumption the �xed point argument usedto
prove existencecannot be applied.
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tion that the solution concept for mechanismsis Nash equilibrium in distributional
strategies).

2.4 Revelation Principle, Allo cations and
Incen tiv e Compatibilit y

This paper characterizesthe equilibrium of the informed principal gamein terms of
the allocation achieved on the equilibrium path. Let P(Y) be the set of all proba-
bilit y measures� (�) on the Borel sets of Y. An allocation rule is a vector function
(� ; t0; :::; tN ) : 
 ! P(Y) � T measurablewith respect to � .9

De�ne the interim utilit y from the good and the interim payment, and the in-
terim payo� for player i of type � 0

i by vi (� 0
i ) = E

n
vi (� i ; yi (~� )) j ~� i = � 0

i

o
, t i (� 0

i ) =

E
n

t i (~� )j ~� i = � 0
i

o
, andui (� 0

i ) = vi (� 0
i )� t i (� 0

i ) correspondingly. Similarly, let vi (� 0
i ; � 0

0) =

E
n

vi (� i ; yi (~� )) j ~� i = � 0
i ; ~� 0 = � 0

0

o
, t i (� 0

i ; � 0
0) = E

n
t i (~� )j ~� i = � 0

i ; ~� 0 = � 0
0

o
, andui (� 0

i ; � 0
0) =

vi (� 0
i ; � 0

0) � t i (� 0
i ; � 0

0).
An allocation is (interim) individually rational (henceforth,IR) if player i 's interim

payo� exceedsher reservation utilit y: � i yi (� i ) � t i (� i ) � 0.
An allocation is (interim) incentive-compatible (henceforth, IC) if for � i ; � 002 
 i :

vi (� i ) � t i (� i ) � vi (� 00
i ) � t i (� 00

i ). An allocation is (interim) � i -incentive-compatible
(henceforth,MIC) if for � i ; � 002 supp(� i ): vi (� i ) � t i (� i ) � vi (� 00

i ) � t i (� 00
i ).

Thesetwo de�nitions of incentive compatibilit y are payo�-equivalent:

Lemma 1. For each MIC allocation there exists an IC allocation which obtains the
sameinterim payo�s and vice versa.

Proof. MIC implies IC. Fix an AEIC allocation A(�) and considera corresponding
direct mechanism: a messagegame form in which the messagespaceof player i
is supp(� i ) and the outcome is A(�̂ ), where �̂ is the vector of reports. By the
Revelation Principle in this mechanism there is a truth telling equilibrium for all
� i 2 supp(� i ). Now, consider a player i and her type � 0

i =2 supp(� i ). Since the
messagespacesupp(� i ) is compact, shehas a best responsem̂(� 0

i ) on it. Extend the
function m̂(�) to � i 2 supp(� i ) as m̂(� i ) = � i . Finally, let us de�ne the extendedal-
location AE (� ) = A(m̂(� 0); :::; m̂(� N )) for all � 2 
. Clearly, this allocation achieves
the samepayo�s for the typesin the support and is incentive compatible for all types.
The latter follows from construction and the fact that the behavior of typesoutside
of the support hasno e�ect on the interim expectedpayo�s.

IC implies MIC. Immediate from the de�nitions of IC and MIC.

Thus,while looking for optimal mechanismsthe Revelation Principle andLemma1
allows us to concentrate on individually rational and incentive compatibleallocations

9The restriction to the mechanismsdeterministic in the payments is without lossof generality in
terms of payo�s: the players' risk-neutralit y implies that for any allocation stochastic in t there is a
payo�-equiv alent allocation deterministic in t.
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de�ned on 
. In what follows this is what is meant by allocation. It is known that
the incentive compatibilit y of an allocation implies that (Milgrom and Segal,[10])

ui (� 0
i ) � ui (� 00

i ) =
Z � 00

i

� 0
i

@vi (� i )
@� i

d� i ; (1)

and that @vi (� i )=@� i is weakly increasing.
Similar de�nitions andresultscouldbestatedfor the situation whenthe principal's

type is publicly known. In particular, in this case(1) an allocation rule is a vector
function (� ; t0; :::; tN ) : 
 � 0 ! P(Y) � T and (2) the incentive compatibilit y implies
that

ui (� 0
i ; � 0

0) � ui (� 00
i ; � 0

0) =
Z � 00

i

� 0
i

@vi (� i ; � 0
0)

@� i
d� i ; (2)

and that @vi (� i ; � 0
0)=@� i is weakly increasing.

Remark. In principle, a distinction should also be made between individual ra-
tionalit y and � i -individual rationalit y. However, this issuecan be ignored sincethe
single crossingproperty implies that in ex-ante optimal allocations (de�ned in the
next section) individual rationalit y constraint binds only for � i , which by assumption
belongsto the support.

3 Poin twise Separabilit y and Strong Solution

3.1 Poin twise Separabilit y with Quasilinear Preferences

This sectionshows that an ex-ante optimal allocation canbe pointwiseseparatedinto
the collection of allocations that would be optimal for the principal if her type was
public knowledge. An allocation is ex-anteoptimal if it achieves the highest ex-ante
payo� for the principal among all ICIR allocations. An allocation is A(�) pointwise
separable if A(� 0; �) achieves the highest ex-ante payo� for the principal among all
ICIR allocations,whereincentive compatibilit y holds under the assumptionthat the
agents know the true principal's type � 0. Let A P S denotethe set of theseallocations.

To show pointwise separability of an ex-ante optimal allocation, let us calculate
the principal's expectedpayo� in an allocation if her type is known to the agents:

U0(� 0; A(� 0; �)) =

=
Z

Y
� (dy)

Z


 � 0

� � 0(d� � 0)

 

v0(y0(� ); � 0) +
NX

i =1

t i (� )

!

=
Z

Y
� (dy)

Z


 � 0

� � 0(d� � 0)

 

v0(y0(� ); � 0) +
NX

i =1

[vi (yi (� ); � i ) � ui (yi (� ); � i )]

!

= v0(� 0) +
NX

i =1

Z

Y
� (dy)

Z


 i

� i (d� i ) [vi (� i ; � 0) � ui (� i ; � 0)] : (3)
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Using (2),

vi (� i ; � 0) � ui (� i ; � 0) =

=
Z

Y
� (dy)

Z


 � (0 ;i )

� � (0;i )(d� � (0;i ) ) [vi (yi (� ); � i ) � ui (yi (� ); � i )]

=
Z

Y
� (dy)

Z


 � (0 ;i )

� � (0;i )(d� � (0;i ) ) �

�

0

B
@vi (yi (� ); � i ) �

0

B
@ui (yi (� � i ; � i ); � i ) +

Z

(� i ;� i ]

@vi (yi (� � i ; � 0
i ); � 0

i )
@� 0

i
d� 0

i

1

C
A

1

C
A :

Substituting (4) in the term of the sum in (3) and performing generalizedintegra-
tion by parts,10

Z

Y
� (dy)

Z


 i

� i (d� i )
Z


 � (0 ;i )

� � (0;i )(d� � (0;i ) )
Z

(� i ;� i ]

@vi (yi (� � i ; � 0
i ); � 0

i )
@� 0

i
d� 0

i =

=
Z

Y
� (dy)

Z


 � (0 ;i )

� � (0;i )(d� � (0;i ) )
Z


 i

� i (d� i )
Z

(� i ;� i ]

@vi (yi (� � i ; � 0
i ); � 0

i )
@� 0

i
d� 0

i

=
Z

Y
� (dy)

Z


 � (0 ;i )

� � (0;i )(d� � (0;i ) )
Z


 i

(1 � Fi (� i ))
@vi (yi (� � i ; � i ); � i )

@� i
d� i : (4)

Substituting (4) into (3)

U0(� 0; A(� 0; �)) =

= v0(� 0) +
NX

i =1

Z

Y
� (dy)

Z


 � 0

� � 0(d� � 0) (vi (yi (� ); � i ) � ui (yi (� � i ; � i ); � i ))

�
NX

i =1

Z

Y
� (dy)

Z


 � (0 ;i )

� � (0;i )(d� � (0;i ) )
Z


 i

(1 � Fi (� i ))
@vi (yi (� � i ; � i ); � i )

@� i
d� i

Thus, when the principal's type is publicly known, the optimal allocation solves

max
A(� 0 ;�)

U0(� 0; A(� 0; �)) ( gPK (� 0))

subject to

@vi (� i ; � 0)=@� i is weakly increasingfor all i � 1

ui (� i ; � 0) � 0 for all i:

One can similarly calculate the expected payo� of the principal in an allocation
when her typesis not known to the agents U0(A(�)) and notice that

10Seefor instance Theorem 18.4 in Billingsley [3].
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U0(A(�)) =
Z


 0

U0(� 0; A(� 0; �)) f 0(� 0)d� 0;

Thus, whenthe principal's type is private information, the ex-ante optimal allocation
solves

max
A(�)

Z


 0

U0(� 0; A(� 0; �)) f 0(� 0)d� 0 (gEA)

subject to

@vi (� i )=@� i is weakly increasingfor all i � 1;

principal's incentive constraints and

ui (� i ) � 0 for all i:

We have

Prop osition 1. If for all � 0, the monotonicity constraint on @vi (� i ; � 0)=@� i at a
solution of gPK (� 0) is not binding, there existsa pointwise separableex-anteoptimal
allocation.

Proof. Let A E A be the set of solutions of program (gEA) and A P K (� 0) be the set
of solutions of program ( gPK (� 0)) for given � 0.11 For each � 0 pick an allocation
AP K (� 0; �) 2 A P K (� 0). This collection of allocations forms a pointwise separable
allocation AP S(�) 2 A for which AP S(� 0; � � 0) = AP K (� 0; � � 0).

Clearly, any AP S(�) 2 A P S(�) pointwise maximizes the objective function of
program EA. It is also easy to see that it satis�es the constraints of the pro-
gram: First, the monotonicity and individual rationalit y constraints are satis�ed
sincevi (� i ) =

R

 0

� 0(d� 0)vi (� i ; � 0) and ui (� i ) =
R


 0
� 0(d� 0)ui (� i ; � 0). Second,the in-

centive compatibilit y of AP S(�) requires that U0(� 0; AP K (� 0; �)) = v0(� 0) � t0(� 0) �
v0(� 0

0) � t0(� 0
0) = U0(� 0; AP K (� 0

0; �)). However, U0(� 0; AP K (� 0
0; �)) � U0(� 0; AP K (� 0

0; �))
becauseAP K (� 0; �) maximizesU0(� 0; �). Thus, AP S(�) 2 A E A and henceis ex-ante
optimal. This provespointwiseseparability of the ex-ante optimal allocation.

The monotonicity condition in Proposition 1 can be relaxed if the payo�s are
linear:

Prop osition 2. If for all players, vi (� i ; yi ) = � i yi and Fi (�) is strictly increasing on

 i , there existsa pointwise separableex-anteoptimal allocation.

11Typically, in these sets there will be (in�nitely) many allocations, which generate the same
interim payo�s but di�er, for example, in the way they allocate the monetary payments and hence
the ex-post payo�s.
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Proof. For this environment Myerson [13] has described the optimal allocation un-
der public knowledgeof � 0. He showed that the entire good should be allocated to
the player with the highest \ironed" virtual valuation, where the principal's vir-
tual valuation is ~V0(� 0) = � 0 and the other players' virtual valuations are given
by ~Vi (� i ) = gi (Fi (� i )), where gi (�) = G0

i (�), Gi (�) is the convex hull of function
H i (� i ) =

R� i

0 Vi (F � 1
i (� 0

i ))d� 0
i , and Vi (x) = x � 1� F i (x)

f i (x) . Notice that thesevirtual val-
uations are independent of distributions (hence, beliefs) about other types. One
can immediately reproduce the calculations in Myerson[13] for the ex-ante optimal
allocation, explicitly solve for it, and then demonstratethat it is the collection of al-
locationsoptimal under public knowledgeof � 0. The calculationsare straightforward
and similar to the ones in the proof of the previous proposition and therefore are
skipped.

3.2 Strong solution

This sectionpoints out that pointwiseseparability of an allocation implies that it is a
strong solution (MN). The following de�nitions areborrowed from MN. An allocation
is calledsafeif it is incentive compatible and individually rational conditional on the
true type of the principal. An allocation is called undominated if there is no other
allocation that yields all types of the principal a weakly higher interim payo� and
sometypesof the principal a strictly higher interim payo�. An allocation is called a
strong solution if it is safeand undominated.

Whereasthere always exist safeallocationsand undominatedallocations,a strong
solution may fail to exist. Let A S denote the set of strong solutions and AS(�) an
element of this set. The following two observations are immediate.

Lemma 2. A strong solution exists if and only if every strong solution is pointwise
separableand vice versa, i.e., if and only if A S = A P S.

Proof. Necessity. AS 6= ; implies A S = A P S. Both pointwise separableallocations
and strong solutions are safe. Then, a pointwise separableallocation maximizesthe
payo� of each principal's type among safeallocations. A strong solution is undom-
inated and therefore also maximizesthe payo� of each principal's type among safe
alocations.

Su�ciency. A pointwise separableallocation always exists. Hence,A S = A P S

implies A S 6= ; .

Lemma 3. If an ex-anteoptimal allocation is pointwise separablethen it is a strong
solution.12

12Our de�nition of strong solution requires it to be undominated pointwise { for each type of
the principal in supp(� 0). However, it may happen that a safeallocation is dominated on a set of
principal's types of zero measurebut never on a set of strictly positive measure. If this happens,
Lemma 3 is no longer true and our results below should be rephrasedas follows: Let A S+ denote
the set of all allocations that dominate the safe allocation. Then, Proposition 3 should be stated
as \if A S+ 6= ; , then no allocation A(�) =2 A S+ [ A P S can be an equilibrium outcome." Second,in
Proposition 4 the set of strong solutions A S (which is empty in this case)should be substituted with
A S+ . Finally, Corollary 2 will hold as is and Corollaries 1 and 3 will hold with respect to interims
payo�s of measureone.
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Proof. Followsfrom ex-ante optimal allocation beingundominatedand Lemma2.

Remark I. Even if it exists,a strong solution doesnot have to be ex-ante optimal.

Remark II: Walrasian equilibrium in MT. MT consider a Walrasian market in
which di�erent typesof principal trade slacknesson the agent's incentiveconstraint. A
pointwiseseparableallocation correspondsthe autarky outcomein their setting. If an
ex-ante optimal allocation is pointwiseseparable,then this allocation is a Walrasian
equilibrium of that market.

4 Uniqueness

Propositions1 and 2 and Lemma3 imply that an ex-ante optimal allocation is point-
wise separableand therefore is a strong solution. In the setting with one agent and
a continuum of types, Yilankaya has used pointwise separability to show that the
ex-ante optimal mechanismmust be the unique equilibrium outcomeof the informed
principal game.His result canbegeneralizedand mademorepreciseasfollows: in the
environments with independent private values,a strong solution can be implemented
regardlessof the agents' beliefs and therefore any equilibrium outcome is a strong
solution. The following proposition proves this uniquenessresult. (I postpone the
proof of the existenceof the equilibrium, Proposition 4, until the following section.)

Prop osition 3 (Uniqueness). If A S 6= ; , only a strongsolution can be an equilibrium
outcome.

Proof. Pick a strong solution AS 2 A S and notice that regardlessof the agents beliefs
about her type each type of the principal can always implement AS(� 0; �) 2 A P K (� 0)
by simply o�ering a corresponding direct mechanism,a messagegamein which agents
simultaneously report their types, which results in the outcomeAP K (�̂ ), where �̂ is
the vector of reports.13 In this mechanism only the agents, but not the principal,
report their types. Therefore,becausethe principal is not a player in this mechanism
and the principal's type doesnot directly a�ect the agents' payo�s, nothing in this
mechanism depends on the private information of the principal. This implies the
principal's interim payo�s should weakly exceedU0(� 0; AP K (� 0; �)). But since the
collection of AP K (� 0; �) is a strong solution and thus undominated, any allocation
A(�) =2 A S generatea payo� strictly smaller than U0(� 0; AP K (� 0; �)) for sometypesof
the principal.

Remark. This result can be extendedto the environments with correlatedprivate
valuesbut not with commonor interdependent values. The proof relieson the abilit y

13Incentiv e compatibilit y of AP K (� 0; �) implies that this game has truthful-rep orting an equilib-
rium. As is standard in the large part of the mechanism design literature I ignore the issue of
possiblemultiplicit y of equilibria. This can be justi�ed by assuming that either (1) the principal
can coordinate the agents to play the truthful equilibrium or (2) the ex-ante optimal allocation
can be implemented through some(perhaps,very complicated) mechanism as a unique equilibrium
outcome.
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of the principal to guarantee herself the payo� from the allocation optimal under
public knowledge of her type through a direct mechanism in which the principal
takesno action. The private valuesassumptionmake this mechanismalways incentive
compatible and individually rational for the agent, sincethe agent's payo� depends
only on the principal's actions but not her type.

The uniquenessof the equilibrium and pointwise separability of ex-ante optimal
allocation imply three corollaries.

Corollary 1. If conditions of Propositions 1 or 2 hold, in any equilibrium the prin-
cipal's interim payo�s are equal to the payo�s achieved in the casein which the prin-
cipal's type is publicly known.

Proof. Follows from Lemma 2, Propositions 3 and 4, and de�nition of pointwise
separability.

Corollary 2. If conditions of Propositions 1 or 2 hold, in any equilibrium the prin-
cipal implementsan ex-anteoptimal allocation.

Proof. Follows from Lemma 3, Propositions 3 and 4, and de�nition of pointwise
separability.

Although the interim equilibrium payo�s areunique, there aremultiple equilibria.
One sourceof multiplicit y is that the principal may selectdi�erent strong solutions
that di�er, for instance,in monetary transfers. The other sourceis the fact that there
aremultiple ways to implement the samestrongsolution: Theseequilibria di�er in (1)
whether the principal with speci�c � 0 selectsallocation AS(� 0; �) through the choice
of the proposedmechanism before it is acceptedor within the proposedmechanism
after it is acceptedand (2) what the agents learn about the type of the principal
beforeacceptingthe mechanism.

Corollary 3. If conditions of Propositions 1 or 2 hold, there are multiple equilibria,
all of whichyield the sameinterim payo�s but di�er ent ex-post payo�s. The equilibria
di�er in which of strongsolution is implemented and in the way it is implemented. In
particular, there exist equilibria (a) in which all types of the principal o�er the same
mechanismand (b) in which all types of the principal o�er di�er ent mechanisms.

Proof. Immediate sincethe proofs of Propositions 3 and 4 useonly the property of
allocation AS(�) but not the mechanismsimplementing it.

5 Existence

Proving that strong solution is an equilibrium requires �nding for each alternative
mechanism out-of-equilibrium beliefsand a continuation equilibrium given thosebe-
liefs which gives all types of the principal a weakly lower payo� than the strong
solution. It is done in two steps. First, for every mechanism I prove through a �xed
point argument (similar to the oneusedin MT) that there exist (1) out-of-equilibrium
beliefsabout the principal, and (2) a continuation equilibrium given thesebeliefssuch
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that the support of thesebeliefs is the set of types 
 0
0 � 
 0 whosepayo�s increase

the most from deviating to this mechanism. The secondstep is to show no type in 
 0
0

obtains a strictly higher payo� than in the strong solution. This is doneby assuming
the oppositeand showing that onecanconstruct an allocation that strictly dominates
the strong solution, which is impossible.

Prop osition 4 (Existence). If A S 6= ; , any strong solution can be supported as an
equilibrium outcome.

Proof. Fix a strong solution AS(�) and considerthe following candidate for the equi-
librium path: (i) each typeof the principal o�ers somemechanisminducing the strong
solution AS(�), (ii) each type of each agent acceptsit, and (iii) in the acceptedmecha-
nism the playersplay the equilibrium generatingAS(�). Trivially , the agents' behavior
is a best response. It is left to construct out-of-equilibrium beliefs.

Step 1. Imagine the principal o�er someout-of-equilibrium mechanism M , after
which the agents update their beliefs about the principal. Let � 0 be the pro�le of
updated beliefs. The principal's deviation induces a continuation subgameM 0 in
which the agents decide whether to accept the o�er, in which casethey play M .
Theorem 1 in Milgrom and Weber [11] states that for any beliefs � 0 there is a con-
tinuation equilibrium of this subgame.14 In a given continuation equilibrium e, let
UM 0;� 0;e(�) : 
 0 ! R be the function that mapsthe principal's type in her equilibrium
payo�. The incentive compatibilit y implies that this function is absolutelycontinuous
and convex. Let now UM 0;� 0 � Cb(
 0) be the union of UM 0;� 0;e(�) over all continuation
equilibria e given � 0. By assumptionof public randomization UM 0;� 0 is convex. It is
alsocompactunder the topology of uniform convergence,sincethe set of �xed points
(equilibria) is compact (Milgrom and Weber [11] useGlicksberg �xed point theorem,
[7], which shows only existence.However, for compactnessresult seeSection16.9 in
Aliprantis and Border [1]). Next, let UM 0 : � 0 7! UM 0;� 0 be the correspondencefrom
the beliefsto the set of equilibrium payo�s. This correspondenceis upperhemiconti-
nous (Proposition 3 (independenceof ~� i ) and Theorem 2 Milgrom and Weber [11]),
convex and compact. Finally, let UM 0 = [ � 02P 0 UM 0(� 0) be the spaceof continuation
payo�s for di�erent agents' beliefs about the principal. This spaceis convex and
compact.

Now, considera correspondencefrom P0 � UM 0 into itself:

� 0
0 � U 7! f ~� j ~� 2 arg max

� 02P 0

E� 0(U(� 0) � U0(� 0; AS))g � UM 0(� 0
0)

where E � 0 denotesthe expectation with respect to beliefs � 0. This correspondence
maps any pair of (1) beliefsabout the principal � 0

0 and (2) a function U describing
the payo� of the principal in some equilibrium (given perhaps some other beliefs

14More precisely, the continuation subgameis an extensive form game,which consistsof a choice
whether to played a mechanism and the mechanism play itself. The acceptancedecisionshould be
sequentially rational, the agents should update their beliefs given this decision, and then play the
corresponding Nash equilibrium in distributional strategies. The results in Milgrom and Weber only
imply the existenceof the equilibrium in a mechanism conditional on its acceptance.However, one
can then demonstrate that it implies existenceof the equilibrium in the entire subgame.
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di�erent from � 0
0) into a pair of (1) beliefs that maximize the di�erence betweenU

and the payo�s in the strong solution and (2) the set of function UM 0(� 0
0) describing

the principal's payo� equilibria given � 0
0.

This correspondenceis non-empty, convex, and upperhemicontinuous. For the
�rst part of the correspondencethis follows from the maximum theorem in Berge
[2]. Theseproperties for the secondpart of the correspondenceUM 0(� 0

0) have been
establishedabove. Moreover, the spaceP0 � UM 0 is non-empty, compact,and convex.
Therefore, one can apply Kakutani-Fan-Glicksberg �xed point theorem (Corollary
16.51 in Aliprantis and Border [1]) which states that the set of �xed point is non-
empty and compact.

Step 2. Selectany such �xed point (� � ; U� ). Then, U� is an equilibrium payo�
given � � and � � hassupport that maximize the di�erence betweenU� and the payo�
in the strong solution, and supp(� � ) � supp(� 0). Becausethe strong solution is safe
and undominatedU� (� 0) > U0(� 0; AS) is impossiblefor any � 0 2 supp(� 0).

To prove this I assumethe oppositeand construct an allocation that dominatesthe
strong solution given prior beliefs. Denote the allocation induced by the mechanism
M 0 given � � by A0. SinceU� (� 0) > U0(� 0; AS) for some� 0, then this is also so for all
� 0 2 supp(� � ) by the de�nition of the mapping.

Now, considera compoundedallocation

A00(�) =
�

A0(�) with probability Pr (A0j� 0);
AS(�) with probability 1 � Pr (A0j� 0),

where Pr (A0j� 0) is any conditional probability such that (1) it satis�es the Bayes
rule: for all 	 2 
 0,

R
	 � � (d� 0)

R

 0

� 0(d� 0)Pr (A0j� 0) =
R

	 � 0(d� 0)Pr (A0j� 0) and (2)
Pr (A0j� 0) > 0 for at least some� 0 2 supp(� � ).

By construction of Pr (A0j� 0), the beliefs of the agents about � 0 conditional on
selectingA0(�) aregiven by � � . Therefore,A00(�) is incentive compatiblebecauseAS(�)
is safe,i.e., incentive compatible given any beliefs,and A0(�) is incentive compatible
given � � . This allocation is also individually rational. Next, by construction of
the allocation, the secondpart of the de�nition of Pr (A0j� 0), and the assumption
U� (� 0) > U0(� 0; AS) for all � 0 2 supp(� � ), A00(�) achieves a weakly higher payo� for
all typesof the principal and a strictly higher payo�s at least for sometypesof the
principal in supp(� � ) than the strong solution, which is impossible.

It follows that U� (� 0) � U0(� 0; M �
� 0

) for all � 0 2 supp(� 0). Hence,if � � areassigned
to the deviation of M 0, this deviation is not pro�table for any typeof the principal.

6 Discussion

This paper shows that in quasilinearenvironments with independent private values,
the informed principal will implement an ex-ante optimal allocation or, equivalently,
the collection of allocations that would be optimal under public knowledge of the
principal's type. Thus, the informed principal problem can be assumedaway and
without loss of generality in terms of �nal allocations one can study the model in
which the principal's preferencesand beliefsare commonknowledge.
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These results are obtained by demonstrating that ex-ante optimal allocation is
pointwise separablein the allocations optimal under public knowledgeof the princi-
pal's type. In turn, this implies that the ex-ante optimal allocation is a strongsolution
(Myerson[14]). It is proven that the strong solution is the unique equilibrium alloca-
tion of the mechanismselectiongame.The existenceresult doesnot dependon either
independenceof typeor the private valueassumptionand holds in generalmechanism
designenvironments. The uniquenessresult makesuseof private valuesbut not the
independenceof types.

To the best of my knowledge, the pointwise separability of the ex-ante optimal
allocation can be observed in the literature at least in two settings: First, for the
bargaining environment of Myersonand Sattherwaite [15], Williams [19] shows that
the ultimatum bargaininggameis an ex-ante optimal mechanism,whereasthe results
in Riley and Zeckhauser[18] imply that this gameis alsooptimal when the valuation
of the seller is commonknowledge. Second,for the caseof oneagent, Proposition 11
in Maskin and Tirole [9] makesit explicit that di�erent typesof the principal cannot
increasetheir joint surplus by concealingtheir types from the agent. In quasilinear
settings with constant marginal utilit y of money, this implies pointwise separability.
This paper shows that this result holds in the generalcaseof quasilinearpreferences
with independent private valuesand many agents under an appropriate monotonicity
assumptionand in the standardauction environment with independent private values
without this assumption.

The idea that the e�cien t allocation that is pointwise separableshould be the
unique equilibrium of the informed principal gameis present both in Yilankaya [20]
and Maskin and Tirole [9]. However, the important insight in Maskin and Tirole is
that generically(i.e., for non-quaslinearpreferences)the principal informed principal
will do better than in the collection of allocationsoptimal under public knowledgeof
the principal's type.

Finally, in our model, the reservation utilit y of the agents is type-independent.
Pointwiseseparability will continue to hold in simple caseswith type dependent util-
ities, for instance,when oneof the agents owns the entire good, but may fail in more
complicatedsettingsasimplied by the following example:There is a buyer and a seller
with linear preferences,whosevaluations b and s are private information distributed
independently and uniformly on [0; 1]. The buyer is the principal, her reservation
utilit y is zero. The seller's reservation utilit y is U I R (s) � (1 � s)2=2 (This is the
expected payo� the seller would have obtained if she were to make the ultimatum
price o�er to the seller). The ex-ante optimal allocation for the buyer is described by
the trading rule

p(s;b) =
�

1; s � b=2
0; otherwise

wherep(s;b) is the probability of trade. In this allocation, the buyer always achieves
a positive payo�.

The allocation optimal for the buyer when her valuation is public is given by

p(s) =
�

1; s � b=2
1� s

2 ; otherwise
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However, onecanverify that this allocation givesnegative payo� to the low valuation
buyers. Hence,there doesnot exist a solution to the principal's problem under public
knowledgeof her type. Moreover, in this case,the ex-ante optimal allocation would
not be pointwiseseparable,even if we relaxedthe individual rationalit y constraint of
the principal.
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