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Abstract

In the ervironment with independen private values and quasilinear pref-
erences,this paper studies the problem of selectingan optimal medanism by
a principal who has private information. | rst demonstrate that the ex-arte
optimal allocation is a strong solution (Myerson [14]): it is equivalert to the
collection of allocations that would be optimal for the principal if her infor-
mation were public knowledge. Second,l show that an informed principal will
implement a strong solution, i.e., an ex-arte optimal allocation, as a unique
equilibrium outcome.

Keywords: ex-arte optimal allocation, optimal auction, informed principal, strong
solution.

1 Intro duction

In the environment with independen private valuesand quasilinear preferencesthis
paper studiesthe problem of optimal medanism designunder the assumptionthat
the medanism designerhas someprivate information. This informed principal prob-
lem appearsnaturally in many circumstances:(1) in auctionsfollowed by inter-bidder
resale,wherethe resellingparty deciding on an optimal resalemedanism often has
private information about her own valuation (see,Haile [8], Zheng[21], and Garratt
and Treger[6]), (2) in collusion settings, where one of the privately informed agerts
o ers an optimal collusion medanism (see,Quesada[16] and [17]), (3) in procure-
mert, wherethe value of the good for the procuring agencyis its private information,
(4) in the provision of public good, where the governmert has private information
about the cost of producing the good, and soon.
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Unfortunately, the solution of the informed principal problem in quasilinear en-
vironmerts with independen private valueshas been obtained only for two special
cases:Proposition 11in Maskin and Tirole [9] (henceforth, MT) providesa result for
strictly quasilinaar payo s, oneagen, andtwo types,whereasTheorem1in Yilankaya
[20] appliesto the setting with linear payo s, oneagen, and a cortinuum of types?
(In both cases;a monotone hazard rate assumptionis either automatically satis ed
or is assumedo hold. Moreover, the existenceof equilibrium in the cortinuum case
has not been demonstrated. SeeTable 1.) As a result, the literature on resalein
auctions and collusion dealswith the informed principal problem either by assuming
the medanismsthat canbe selectedby the informed principal (asin Haile [8], Zheng
[21], and Calzolari and Pavan [4]) or by restricting attention to the settingswith one
agert for which the results are available (as in Quesada[16] and [17]).

One agert One agen N agerts
Linear Preferenceg Strictly Quasilinear Either

Preferences Preferences

Discretetypes NA Maskin and Tirole NA
(Two types)

Continuum of Yilankaya

types (If equilibrium NA NA

exists)

Table 1: Existing results on the allocation implemerted by an informed principal in
the setting with independen private values.\NA" meansthat no result is available.

This paper addresseghis issueand shaws that in the model with independert
private values,many agens, quasilinear preferencegwhich includesboth linear and
strictly quasilinear), and arbitrary independert distributions of private information
(which includesboth discreteand cortinuous cases),the informed principal will im-
plemern an ex-arte optimal allocation as a unique equilibrium outcome. This result
generalizeghe ndings in Yilankaya and MT for quasilinearpreferences.

This resultis obtainedin three steps. First, | demonstratethat the ex-arte optimal
allocation is separablein the collection of allocations optimal for the principal under
public knowledgeof herinformation.® This impliesthat the ex-arte optimal allocation
is a strong solution (Myerson[14], henceforth, MN). 4

Second| prove that a strong solution is an equilibrium outcomeof the medanism

1A strictly quasilinear payo function is non-linear in the amourt of good and linear in the
payment; a linear payo function is linear in both argumerts.

2However, the main emphasisin MT is on preferencesthat are more generalthan quasilinear.

3The allocation achieving the highest ex-arte payo among all interim individually rational and
incentiv e compatible allocations is called ex-arnte optimal.

4A strong solution is an allocation that is (a) undominated - there is no other incentiv e compatible
allocation that yields all typesof the principal a weakly higher payo and sometypesof the principal
a strictly higher payo, and (b) safe- it is incertive compatible conditional on the true type of the
principal.



selectiongamein which the informed principal proposesa medanism and the ageris
decidewhetherto acceptit. This resultis closelyrelatedto the following two resultsin
the literature. First, MN hasalready showvn that a strong solution is an equilibrium.
Second,MT have proven that an allocation, called Strong Unconstrained Pareto
Optimum (SUPO), is an equilibrium. (It can be shavn that SUPO coincideswith
strong solution if the latter exists.) Unfortunately, their results cannot be directly
applied to my model, sincel allow for cortinuous type spacesand, in particular,
cannot rely on the Walrasian equilibrium apparatus deweloped in MT. Howeer, in
proving my result | usequalitative stepssimilar to those of MN and MT.

As the nal step, | generalizeYilankaya's insight that separability of the ex-
ante optimal allocation into the collection of the allocations optimal under public
knowledge of the principal's information implies that this allocation is the unique
candidate for an equilibrium: Proposition 2 statesthat a strong solution is a unique
equilibrium outoome

| would like to stressthat the results in this paper do not imply that the equi-
librium itself is unique. First, the strong solution is unique only up to the party's
expected payo s conditional on their private information, but not in their ex-post
payo s; the latter may dier due to multiple possibilities to administer the pay-
merts. Seconda strong solution could beimplemerted in multiple ways: for instance,
through a singlemedanism selectedby all typesof the principal (an ex-arte optimal
medanism) or through multiple medanismsselectedby di erent typesof the prin-
cipal (medhanismsoptimal under public knowledgeof the principal's information).®

Neither of the above results are straightforward to obtain. First, it is not apri-
ori clearthat the ex-arte optimal allocation should be separablein the collection of
allocations optimal under public knowledge of the principal's information: one may
expect that the principal can achieve morein the ex-arte optimal allocation sincein
this allocation incertive constrairts are required to hold in expectation over princi-
pal's types whereasunder public knowledgethey hold conditional on each principal's
type. The separability of the ex-arte optimal allocation is obtained under an appro-
priate monotonicity assumptionfor any quasliner payo s (Proposition 1) and, more
surprisingly, alsowithout monotonicity assumptionfor linear payo s and cortinuous
types(Proposition 2). In Section6, | presem an examplein which the separability of
the ex-arte optimal allocation fails becauseof type-dependen resenation utilit y.

Second,it is not immediate that the informed principal will implemen the ex-
ante optimal allocation ewven if it is separable. To seethis, considerthe following
examplefrom Yilankaya. Thereis a buyer and a sellerwho have linear preferencesn
the probability of having the good and the price paid. The valuation of the good is
ead party's private information distributed uniformly on [0; 1]. Let the sellerbe the
principal. In equilibrium the principal will selectthe ex-arte optimal medanism, the
ultimatum bargaining game (Williams [19]). Newertheless,the principal can always
deviate and o er the %-double auction. If the buyer's beliefs after this deviation

5This is consistert with the Inscrutabilit y Principle by Myerson[14] which statesthat any existing
equilibrium outcome can also be achieved in some equilibrium in which all types of the principal
selectthe samemecdanism.



stay prior, it is shovn in Yilankaya that the low types of the principal will obtain
a strictly higher payo in this medanism than in the ultimatum bargaining game.
Hence,supporting the ultimatum bargaininggameasan equilibrium outcomerequires
nding non-trivial out-of-equilibrium beliefsfor the 2-double auction (and, similarly,
for any other alternative medanism) sud that no type of the principal would want
to deviate and o er this medanism.

The remainderof the paper is organizedas follows. Section2 presets the model.
Section3 demonstratesthat an ex-arte optimal allocation is a strong solution. Sec-
tion 4 proves uniquenessof the equilibrium outcome. Section5 proves existenceof
equilibrium. Section6 concludes.

2 Mo del

2.1 Environmen t

ThereareN + 1 players. Player 0 is calledthe principal and the rest of the playersare
calledthe agerts. Playersca}g cortract on an allocation (Yo; i35, Yn; to; 255 tn) Y T,
Y = f(yo;nyn)iyi 2 [0y Li=0uNg, T =f(te;ntn)jti 2R, it =
0;i=0;:;Ng.

A player's type 5 (or a valuation) is an independert random variable with a
distribution function F;() de ned on a bounded interval of ; R. (That is, I
allow for discretetypes.) Denote by ; the correspnding probability measureand
let supp( ;) be the support of this measure.

Also, let = (o;5 N), i = (o i1 i+ N), anddene o and
©:i Similarly; let = o N, = o i i1 sl N, and de ne
oand (o) Similarly; let = o N, i= o i1 i1 N

anddene oand (g similarly. Finally, de ne _; to be the lowest possiblevalue
of 5. It is assumedwithout lossof generality, that _; 2 supp( ;).

Players have quasilinearpayo functionsu;( i;yi;ti) = vi( i;yi) ti, where jisa
realizedtype of player i, and v( ; ) is a cortinuous di erentiable function de ned on
i, which is weakly concave in y;, and satis es the single-crossingroperty, vi( °y9
Vil Syi) viCiy) vi( sy for © s andy?  y;. Regardlesof the player's type,

her resenation utilit y is zero.

2.2 Mechanisms

In cortrast to standard medanism design, in the informed principal problem one
cannot invoke the Rewelation principle (see,for instance, Myerson[12] or Dasgupta
et al. [5]) and work directly with incertive-compatible allocations. The problem
is that in equilibrium it is necessaryto specify out-of-equilibrium beliefs for any
medanism proposal o the equilibrium path. For a given medanism this requires
consideringhow the equilibrium allocation in this medanism changesfor di erent
(out-of-equilibrium) beliefs. Therefore,|l have to explicitly descrile the set of allowed



medanisms®

A mechanismisagameform,M :Ag A; i Ay! Y T,whereAq;Aq; 5 An
are players' (pure) strategy spaceswhich are compactand Hausdor. Let be the
beliefspro le of the players! The solution conceptfor the outcomein a medanism
M given is Nash equilibrium in distributional strategies. Finally, | assumethe
existenceof public correlation device which allows the parties to coordinate on a
speci ¢ cortinuation equilibrium in a medanism?8

Remark. The medanismsin our model are strategic gameforms. In general,one
should considermedanismsthat are extensive gameforms. Hence,Perfect Bayesian
or Sequetial equilibria could be more appropriate solution concepts. The resultsin
this paper would stay true for thesesolution conceptsif a generalexistenceresult of
theseequilibria in the gameswith arbitrary distributions of typeshad beenavailable.

2.3 Mechanism selection game

The timing of the medanism selectiongameis as follows. First, all players simulta-
neouslyand privately obsene ;. After that, the principal o ers a medanism. All
players simultaneously decidewhether to acceptthe proposedmedanism or not. If
the proposalis acceptedunanimously the medanismis played and the gameends. If
at least one player rejects the proposedmedanism, players obtain their resenation
utilities and the gameends.

To avoid trivial equilibria in which regardlesof the proposalby the principal every
agen expectsthe othersto reject and thereforealsorejectsthe proposedmedanism,
| imposea re nement that an agen must accepta proposedmedanismif conditional
on her beliefsin the (possibly out-of-equilibrium) event the medanismis played her
cortinuation payo is weakly positive.

The structure of information, preferencesand the rules of the gameare common
knowledge. The solution conceptis Perfect Bayesianequilibrium (with the modi ca-

8An alternative would be to implicitly de ne the set of allowed medanismsby assumingproper-
ties required for the existenceof an equilibrium. The literature on the informed principal problem
has used both options. MN, for instance, explicitly de nes the set of medanisms. MT de ne
mechanismsto be arbitrary (possibly, extensive) gameforms with nite strategy spaces.However,
when proving unigueness,they permit more complicated mecanismsimplicitly de ned by proper-
ties neededfor existence. Yilankaya doesnot describe the set of mechanisms. The set of mechanism
allowed in our model comprisesthe classesallowed in MT or in MN.

"Beliefs: In our model the spaceof possibletypesis supp( ) = Nysupp( i) RN*1, which is
compact, sincesupp( i) is compact. The spaceof beliefs P (supp( )), or simply P, is the set of all
probability measures () on the Borel setsB of supp( ). In particular, this allows for beliefs which
have discrete support. The spaceof beliefsis endoved with the weak topology (P;Cy), where Cy
is the set of bounded and continuous functiggs on supg( ). Under weak topology a sequenceof
beliefs ~, is corvergert to somebeliefs °if fd~, ! fdOforall f 2 Cp It followsthat P is
compact and metrizable (see,for instance, Theorem 14.11in Aliprantis and Border [1]). The same
de nitions and thereforethe compactnesgesult canbe repeatedfor the subspaceof the beliefsabout
the principal's type, Po.

8This assumption is neededto convexify the set of continuation equilibrium payo s following an
out-of-equilibrium o er of a medanism; without this assumptionthe xed point argumert usedto
prove existencecannot be applied.



tion that the solution conceptfor medanismsis Nash equilibrium in distributional
strategies).

2.4 Revelation Principle, Allo cations and
Incen tiv e Compatibilit vy
This paper characterizesthe equilibrium of the informed principal gamein terms of

the allocation achieved on the equilibrium path. Let P(Y) be the set of all proba-
bility measures () on the Borel setsof Y. An allocation rule is a vector function

(;to;unty): ! P(Y) T measurablewith respectto .°
De ne the interim utilit y from the good and the,interim paymert, gnd the in-
terim payo for player i of type Pby vi({) = E vi(iwi(NiT= P, 6() =

Enti(“)j"i = 0 Jandui( D =0Vi( 9 ()9 coiflresp)ndingly Simila(r)ly, letvi( % Q) =
E vi( ;M7= f7o= 0, ,6(%9=E t(Di7= $o= 5 ,andui( P ) =
vi( %9 t(d o)

An allocationis (interim) individually rational (henceforth,IR) if playeri's interim
payo exceedsherresenation utility: ;y,( ;) t(i) O.

An allocation is (interim) incentive-ompatible (henceforth, IC) if for ;; %2 :
vil ) t()  vi® (9. An allocation is (interim) -incentive-ompatible
(henceforth, MIC) if for ;; 92 supp( ): vi( i) (i) w(Y 6(9%.

Thesetwo de nitions of incertive compatibility are payo -equivalent:

Lemma 1. For each MIC allocation there existsan IC allocation which obtains the
sameinterim payo s and vice versa.

Proof. MIC implies IC. Fix an AEIC allocation A() and considera correspnding
direct medanism: a messagegame form in which the messagespaceof player i
is supp( ;) and the outcomeis A("), where " is the vector of reports. By the
Rewelation Principle in this medanism there is a truth telling equilibrium for all
i 2 supp( ;). Now, considera player i and her type 2 2 supp( ;). Sincethe
messagespacesupp( ;) is compact, shehasa best responser( 9 onit. Extend the
function () to ; 2 supp( i) asm( ;) = ;. Finally, let us de ne the extendedal-
location AE( ) = A(( o);::;;M( n)) forall 2 . Clearly, this allocation achieves
the samepayo s for the typesin the support and is incertive compatiblefor all types.
The latter follows from construction and the fact that the behavior of typesoutside
of the support hasno e ect on the interim expected payo s.

IC implies MIC. Immediate from the de nitions of IC and MIC. O

Thus, while looking for optimal medanismsthe Rewelation Principle and Lemmal
allows usto concelitrate on individually rational and incertive compatible allocations

9The restriction to the medanismsdeterministic in the payments is without lossof generality in
terms of payo s: the players' risk-neutralit y implies that for any allocation stochastic in t there is a
payo -equiv alent allocation deterministic in t.



de ned on . In what follows this is what is meart by allocation. It is known that
the incertive compatibility of an allocation implies that (Milgrom and Segal,[10])

Z
Pan( 1)

: Wd i (1)

() w( Y=

and that @;( {)=@; is weakly increasing.

Similar de nitions andresultscould be statedfor the situation whenthe principal's

type is publicly known. In particular, in this case(1) an allocation rule is a vector

function ( ;to;:ihtn) 0 o! P(Y) T and (2) the incertive compatibility implies
that

Z w9
m(2y= 2L

and that @;( i; 8):@i is weakly increasing.

Remark. In principle, a distinction should also be made betweenindividual ra-
tionality and ;-individual rationality. Howeer, this issuecan be ignored sincethe
single crossingproperty implies that in ex-arte optimal allocations (de ned in the
next section)individual rationality constrairt binds only for _;, which by assumption
belongsto the support.

(@)

Ti( & o)

3 Pointwise Separabilit y and Strong Solution

3.1 Pointwise Separabilit y with Quasilinear Preferences

This sectionshavsthat an ex-arte optimal allocation canbe pointwise separatedinto
the collection of allocations that would be optimal for the principal if her type was
public knowledge. An allocation is ex-ante optimal if it achievesthe highest ex-arte
payo for the principal amongall ICIR allocations. An allocation is A(') pointwise
semarableif A( o; ) adievesthe highest ex-arte payo for the principal among all
ICIR allocations, whereincertive compatibility holds under the assumptionthat the
agerts know the true principal's type . Let APS denotethe set of theseallocations.
To showv pointwise separability of an ex-arte optimal allocation, let us calculate
the principal's expectedpayo in an allocation if her type is known to the agerts:

Uo( 0sA( 05 )) = |
Z Z :

X
= . (dy) o(d o) Vo(Yo( ); o) *+ | ti()
Z Z i = I
= . (dy) o(d o) Vo(Yo( ); o)+ | vilyi( ) ) uwilyi( ); i)l
" z z =
= Vo( o)+ (dy) i(d )V o) G(is o)l (3)
i=1 Y i



Using (2),

Ei( i) o)Z Gi( i; o) =
- (dy) o (d i) i(yi( ); ) uiyi( ); i)l
z' 7 D)
= (dy) oin(d @)
0" ©i) g ] 11
%Vi(yi( )i i) %Dui(yi( o))+ @i (yi( i; D; io)d Iogg

@
(s il

Substituting (4) in the term of the sumin (3) and performing generalizedntegra-
tion by parts,°
z z z Z

(dy) i(d i) ©i(d (@) @i(yi(@i; ) io)d 0=
Y i ©:i) Gl i
z z z va N
= (dy) i (d () i(d i) @i(yi(@i(; il i(bd 0
Y ;i) i . i
Z Z Z - N
= (dy) on(d ©h) (@ Fi() @ (yi(@i_’ ) 1) ii o (4)
Y ©;:i) i i
Substituting (4) into (3)
Uo( 0;A( 0 )) =
W Z Z
= Vo( o)+ y (dy) od o) (Vi(yi( ); 1) wi(yiC i;.)5.))
i=1 0
X Z Z Z (v )
(dy) on(d ©h) @ Fi(i) @I(yl(@'_’ ) I)di
i=1 Y ©:i) i !

Thus, whenthe principal's type is publicly known, the optimal allocation solves

max Uo( o; A( o; )) (BK( o))
A(o3)
subject to
@i( i; 0)=@; is weakly increasingfor alli 1
Ui(_; o) Oforalli:

One can similarly calculate the expected payo of the principal in an allocation
when her typesis not known to the agens Up(A()) and notice that

105eefor instance Theorem 18.41in Billingsley [3].
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Uo(A()) = Uo( 0sA( 0 ))fo( 0)d o;

0

Thus, whenthe principal's type is private information, the ex-arte optimal allocation
soles

Z
r/rg(a)x Uo( 0 A( 05 ))fo( 0)d o (EA)

subject to

@;( i)=@; is weakly increasingfor all i  1;
principal's incertiv e constrairts and

Ui(;) Oforalli:

We have

Prop osition 1. If for all o, the monotonicity constraint on @;( i; ¢)=@; at a
solution of BK ( o) is not binding, there existsa pointwise sefrable ex-ante optimal
allocation.

Proof. Let AEA be the set of solutions of program (EA) and APK ( o) be the set
of solutions of program (BK ( o)) for given o.'' For eah  pick an allocation
APK (o) 2 APK( o). This collection of allocations forms a pointwise separable
allocation APS() 2 A for which APS( o; o) = APK( o5 o).

Clearly, any APS() 2 APS() pointwise maximizes the objective function of
program EA. It is also easyto seethat it satis es the constrairts of the pro-
gram: First, fge monotonicity and individual gationality constrairts are satis ed
sincevi( i) = . o(d o)Vvi( i; o) and Ti() = . o(d o)Ui( i; o). Second,the in-
certive compatibility of APS() requiresthat Ug( o; APX (1 0;)) = Vo( o) To( o)
Vo( 9) To( ) = Uo( s APK( 5;)). However, Up( o; AR (0, )  Uo( i APK( 8:))
becauseAPX ( o; ) maximizesUy( o; ). Thus, APS() 2 AEA and henceis ex-arte
optimal. This proves pointwise separability of the ex-arte optimal allocation.

]

The monotonicity condition in Proposition 1 can be relaxed if the payos are
linear:

Prop osition 2. If for all players,vi( i;yi) = iyi and F;() is strictly increasingon
i, there existsa pointwise sefrable ex-ante optimal allocation.

UTypically, in these sets there will be (in nitely) many allocations, which generate the same
interim payo s but dier, for example,in the way they allocate the monetary payments and hence
the ex-post payo s.



Proof. For this environment Myerson[13 has descriked the optimal allocation un-
der public knowledgeof ,. He shawved that the ertire good should be allocated to
the player with the highest \ironed" virtual valuation, where the principal's vir-
tual valuation is Yo( o) = o and the other players' virtual valuations are given
by Vi( i) g g(Fi( 1)), whereg() = GX), Gi() is the corvex hull of function
Hi( ) = ' Vi(F Y 9)d 2 and Vi(x) = x 1fiF(‘X()X). Notice that thesevirtual val-
uations are independent of distributions (hence, beliefs) about other types. One
can immediately reproduce the calculationsin Myerson[13] for the ex-arte optimal
allocation, explicitly solwe for it, and then demonstratethat it is the collection of al-
locations optimal under public knowledgeof . The calculationsare straightforward
and similar to the onesin the proof of the previous proposition and therefore are
skipped. O

3.2 Strong solution

This sectionpoints out that pointwise separability of an allocation impliesthat it is a
strong solution (MN). The following de nitions are borrowed from MN. An allocation
is called safeif it is incertive compatible and individually rational conditional on the
true type of the principal. An allocation is called undominated if there is no other
allocation that yields all types of the principal a weakly higher interim payo and
sometypesof the principal a strictly higherinterim payo. An allocation is calleda
strong solution if it is safeand undominated.

Whereasthere always exist safeallocationsand undominatedallocations, a strong
solution may fail to exist. Let AS denotethe set of strong solutions and AS() an
elemen of this set. The following two obsenations are immediate.

Lemma 2. A strong solution existsif and only if every strong solution is pointwise
se@rableand vice versa, i.e., if and only if AS = APS,

Proof. Necessity. AS 6 ; implies AS = APS. Both pointwise separableallocations
and strong solutions are safe. Then, a pointwise separableallocation maximizesthe
payo of eat principal's type among safeallocations. A strong solution is undom-
inated and therefore also maximizesthe payo of ead principal's type among safe
alocations.

Suciency. A pointwise separableallocation always exists. Hence,AS = APS
impliesAS 6 ;. O
Lemma 3. If an ex-anteoptimal allocation is pointwise sef@rablethen it is a strong
solution.?

20ur de nition of strong solution requires it to be undominated pointwise { for eac type of
the principal in supp( o). However, it may happen that a safeallocation is dominated on a set of
principal's types of zero measurebut never on a set of strictly positive measure. If this happens,
Lemma 3 is no longer true and our results below should be rephrasedas follows: Let AS* denote
the set of all allocations that dominate the safe allocation. Then, Proposition 3 should be stated
as\if AS* 6 ;, then no allocation A() 2 AS* [ APS can be an equilibrium outcome." Second,in
Proposition 4 the set of strong solutions AS (which is empty in this case)should be substituted with
AS* . Finally, Corollary 2 will hold asis and Corollaries 1 and 3 will hold with respect to interims
payo s of measureone.

10



Proof. Followsfrom ex-arte optimal allocation beingundominatedand Lemmaz2. [
Remark|. Evenif it exists,a strong solution doesnot have to be ex-arte optimal.

Remark Il: Walrasian equilibrium in MT. MT considera Walrasian market in
which di erent typesof principal trade sladknesson the agert's incertiv e constrairt. A
pointwiseseparableallocation correspndsthe autarky outcomein their setting. If an
ex-arte optimal allocation is pointwise separable then this allocation is a Walrasian
equilibrium of that market.

4 Uniqueness

Propositions1 and 2 and Lemma 3 imply that an ex-arte optimal allocation is point-
wise separableand thereforeis a strong solution. In the setting with one agent and
a cortinuum of types, Yilankaya has used pointwise separability to shav that the
ex-arte optimal medanism must be the unique equilibrium outcomeof the informed
principal game. His result canbe generalizedand mademore preciseasfollows: in the
ernvironmerts with independen private values,a strong solution can be implemerted
regardlessof the agers' beliefs and therefore any equilibrium outcomeis a strong
solution. The following proposition proves this uniquenessresult. (I postpone the
proof of the existenceof the equilibrium, Proposition 4, until the following section.)

Prop osition 3 (Uniqueness) If AS 6 ;, only a strong solution can be an equilibrium
outoome.

Proof. Pick a strongsolution AS 2 AS and notice that regardlessof the agents beliefs
about her type ead type of the principal can always implemert AS( ¢; ) 2 APK( o)
by simply o ering a correspnding direct medanism, a messaggamein which agens
simultaneously report their types, which results in the outcome APK (), where " is
the vector of reports.!® In this medanism only the agerts, but not the principal,
report their types. Therefore,becausehe principal is not a player in this medanism
and the principal's type doesnot directly a ect the agens' payo s, nothing in this
medanism depends on the private information of the principal. This implies the
principal's interim payo s should weakly exceedUy( o; AP ( o; )). But sincethe
collection of APK( ;) is a strong solution and thus undominated, any allocation
A() 2 AS generatea payo strictly smallerthan Ug( o; AP ( o; )) for sometypesof
the principal. O

Remark. This result can be extendedto the environments with correlated private
valuesbut not with commonor interdependen values. The proof relieson the ability

BIncentive compatibility of APK ('o; ) implies that this game has truthful-rep orting an equilib-
rium. As is standard in the large part of the medanism design literature | ignore the issue of
possible multiplicit y of equilibria. This can be justied by assumingthat either (1) the principal
can coordinate the agerts to play the truthful equilibrium or (2) the ex-arte optimal allocation
can be implemented through some(perhaps, very complicated) mechanism as a unique equilibrium
outcome.
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of the principal to guarartee herselfthe payo from the allocation optimal under
public knowledge of her type through a direct medanism in which the principal
takesno action. The private valuesassumptionmake this medanismalways incertiv e
compatible and individually rational for the agen, sincethe agern's payo depends
only on the principal's actions but not her type.

The uniquenessof the equilibrium and pointwise separability of ex-arte optimal
allocation imply three corollaries.

Corollary 1. If conditions of Propositions 1 or 2 hold, in any equilibrium the prin-
cipal's interim payo s are equalto the payo s achievel in the casein which the prin-
cipal's type is publicly known.

Proof. Follows from Lemma 2, Propositions 3 and 4, and de nition of pointwise
separability. O

Corollary 2. If conditions of Propositions 1 or 2 hold, in any equilibrium the prin-
cipal implementsan ex-anteoptimal allocation.

Proof. Follows from Lemma 3, Propositions 3 and 4, and de nition of pointwise
separability. O

Although the interim equilibrium payo s are unique, there are multiple equilibria.
One sourceof multiplicit y is that the principal may selectdi erent strong solutions
that di er, forinstance,in monetary transfers. The other sourceis the fact that there
aremultiple ways to implemernt the samestrong solution: Theseequilibria di er in (1)
whether the principal with specic  selectsallocation AS( o; ) through the choice
of the proposedmedanism beforeit is acceptedor within the proposedmedanism
after it is acceptedand (2) what the ageris learn about the type of the principal
beforeacceptingthe medanism.

Corollary 3. If conditions of Propositions 1 or 2 hold, there are multiple equilibria,
all of whichyield the sameinterim payo s butdi er ent ex-pstpayo s. The equilibria
di er in which of strongsolution is implementel and in the way it is implementel. In
particular, there exist equilibria (a) in which all types of the principal o er the same
mechanismand (b) in which all types of the principal o er di er ent mechanisms.

Proof. Immediate sincethe proofs of Propositions 3 and 4 useonly the property of
allocation AS(') but not the medhanismsimplemerting it. O

5 Existence

Proving that strong solution is an equilibrium requires nding for each alternative
medanism out-of-equilibrium beliefsand a cortinuation equilibrium given those be-
liefs which gives all types of the principal a weakly lower payo than the strong
solution. It is donein two steps. First, for every medanism | prove through a xed
point argumern (similar to the oneusedin MT) that there exist (1) out-of-equilibrium
beliefsabout the principal, and (2) a cortinuation equilibrium giventhesebeliefssuth
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that the support of thesebeliefsis the set of types § o Whosepayo s increase
the most from deviating to this medanism. The secondstepis to shav notypein
obtains a strictly higherpayo than in the strong solution. This is doneby assuming
the opposite and shaving that onecan construct an allocation that strictly dominates

the strong solution, which is impossible.

Prop osition 4 (Existence) If AS 6 ;, any strong solution can ke supprted as an
equilibrium outcome.

Proof. Fix a strong solution AS() and considerthe following candidate for the equi-
librium path: (i) ead type of the principal o ers somemedanisminducing the strong
solution AS(), (ii) ead type of eat agert acceptsit, and (iii) in the acceptedmeda-
nism the playersplay the equilibrium generatingAS( ). Trivially, the agens' behavior
is a bestresponse. It is left to construct out-of-equilibrium beliefs.

Step 1. Imagine the principal o er someout-of-equilibrium medanism M, after
which the agens update their beliefs about the principal. Let ©°be the prole of
updated beliefs. The principal's deviation inducesa cortinuation subgameM ° in
which the agers decide whether to acceptthe oer, in which casethey play M.
Theorem 1 in Milgrom and Weber [11] statesthat for any beliefs ©there is a con-
tinuation equilibrium of this subgame!* In a given cortinuation equilibrium e, let
Uuo oe( )1 o! R bethe function that mapsthe principal's type in her equilibrium
payo . The incertive compatibility impliesthat this function is absolutely cortinuous
and corvex. Let now Uy e o Cp( o) bethe union of Uy o oe( ) over all cortinuation
equilibria e given % By assumptionof public randomization Uy o o is convex. It is
alsocompactunder the topology of uniform corvergencesincethe setof xed points
(equilibria) is compact(Milgrom and Weber [11] useGlicksberg xed point theorem,
[7], which shows only existence.However, for compactnesgesult seeSection16.9in
Aliprantis and Border [1]). Next, let Uyo: °7! Uyo o be the correspndencefrom
the beliefsto the set of equilibrium payo s. This correspndenceis upperhemicorti-
nous (Proposition 3 (independenceof 5) and Theorem 2 Milgrom and Weber [11]),
cornvex and compact. Finally, let Uyo = [ op,Uno( 9 be the spaceof cortinuation
payos for dierent agers' beliefs about the principal. This spaceis cornvex and
compact.

Now, considera correspndencefrom Py Uy o into itself:

o UTHf~~2argmaxE o(U( o) Us( 0;A®)G Uno( o)
0

where E o denotesthe expectation with respect to beliefs ° This correspndence
maps any pair of (1) beliefsabout the principal § and (2) a function U describing
the payo of the principal in someequilibrium (given perhaps some other beliefs

4More precisely the continuation subgameis an extensive form game, which consistsof a choice
whether to played a mechanism and the mecdhanism play itself. The acceptancedecisionshould be
sequettially rational, the agerts should update their beliefs given this decision, and then play the
corresponding Nash equilibrium in distributional strategies. The resultsin Milgrom and Weber only
imply the existenceof the equilibrium in a medanism conditional on its acceptance.However, one
can then demonstrate that it implies existenceof the equilibrium in the erntire subgame.
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dierent from §) into a pair of (1) beliefsthat maximize the di erence betweenU
and the payo s in the strong solution and (2) the set of function Uy o( 9) describing
the principal's payo equilibria given .

This correspndenceis non-empty, convex, and upperhemicorninuous. For the
rst part of the correspndencethis follows from the maximum theorem in Berge
[2]. These properties for the secondpart of the correspndenceUy o §) have been
establishedabove. Moreover, the spaceP, Uy o is non-empty, compact,and corvex.
Therefore, one can apply Kakutani-Fan-Glicksberg xed point theorem (Corollary
16.51in Aliprantis and Border [1]) which statesthat the set of xed point is non-
empty and compact.

Step 2. Selectany sudh xed point ( ;U ). Then, U is an equilibrium payo
given and hassupport that maximizethe di erence betweenU and the payo
in the strong solution, and supp( ) supp( o). Becausethe strong solution is safe
and undominated U ( ) > Ug( o; AS) is impossiblefor any ¢ 2 supp( o).

To provethis | assumehe oppositeand construct an allocation that dominatesthe
strong solution given prior beliefs. Denote the allocation induced by the medanism
MOgiven by A% SinceU ( ) > Uy( o;AS) for some o, then this is alsoso for all
o 2 supp( ) by the de nition of the mapping.

Now, considera compoundedallocation

A% = AY) with probability Pr(AY o);
AS() with probability 1 Pr(AY o),

where Pr(AY o) is ary conditiogal probability suc thgf (1) it satis es the Bayes

rule: forall 2 o, (do) , o(do)Pr(Ag o) = o(d 0)Pr(AY o) and (2)

Pr(AY o) > 0 for at leastsome ¢ 2 supp( ).

By construction of Pr(AY ), the beliefs of the agens about , conditional on
selectingAY ) aregivenby . Therefore,A% ) is incertive compatible becauseAS( )
is safe,i.e., incertive compatible given any beliefs,and AY ) is incertive compatible
given . This allocation is also individually rational. Next, by construction of
the allocation, the secondpart of the de nition of Pr(AY ,), and the assumption
U (o) > Ug( o;AS) for all o2 supp( ), A% ) achievesa weakly higher payo for
all typesof the principal and a strictly higher payo s at least for sometypesof the
principal in supp( ) than the strong solution, which is impossible.

It followsthat U ( o) Uo( o;M ) forall o2 supp( o). Hence,if areassigned
to the deviation of M ©, this deviation is not pro table for any type of the principal. O

6 Discussion

This paper shows that in quasilinearenvironmens with independen private values,
the informed principal will implemert an ex-arte optimal allocation or, equivalertly,
the collection of allocations that would be optimal under public knowledge of the
principal's type. Thus, the informed principal problem can be assumedaway and
without loss of generality in terms of nal allocations one can study the model in
which the principal's preferencesand beliefsare commonknowledge.
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Theseresults are obtained by demonstrating that ex-arte optimal allocation is
pointwise separablein the allocations optimal under public knowledge of the princi-
pal'stype. In turn, this impliesthat the ex-arte optimal allocation is a strong solution
(Myerson[14]). It is proventhat the strong solution is the unique equilibrium alloca-
tion of the medanismselectiongame. The existenceresult doesnot dependon either
independenceof type or the private value assumptionand holdsin generalmedanism
designenvironments. The uniquenessesult makesuse of private valuesbut not the
independenceof types.

To the best of my knowledge, the pointwise separability of the ex-arte optimal
allocation can be obsened in the literature at leastin two settings: First, for the
bargaining environment of Myersonand Sattherwaite [15, Williams [19 shaws that
the ultimatum bargaining gameis an ex-arte optimal medanism, whereasthe results
in Riley and Zedkhauser[18]imply that this gameis alsooptimal whenthe valuation
of the selleris commonknowledge. Second for the caseof oneagen, Proposition 11
in Maskin and Tirole [9] makesit explicit that di erent typesof the principal cannot
increasetheir joint surplus by concealingtheir typesfrom the ager. In quasilinear
settings with constart marginal utilit y of money this implies pointwise separability.
This paper shaws that this result holds in the generalcaseof quasilinearpreferences
with independert private valuesand many agerns under an appropriate monotonicity
assumptionand in the standard auction environment with independen private values
without this assumption.

The idea that the e cient allocation that is pointwise separableshould be the
unique equilibrium of the informed principal gameis presen both in Yilankaya [20]
and Maskin and Tirole [9]. Howeer, the important insight in Maskin and Tirole is
that generically(i.e., for non-quaslinearpreferences}he principal informed principal
will do better than in the collection of allocations optimal under public knowledgeof
the principal's type.

Finally, in our model, the resenation utilit y of the agerts is type-independert.
Pointwise separability will cortinue to hold in simple caseswith type depender util-
ities, for instance,when one of the ageris owns the ertire good, but may fail in more
complicatedsettingsasimplied by the following example: Thereis a buyer and a seller
with linear preferenceswhosevaluations b and s are private information distributed
independertly and uniformly on [0; 1]. The buyer is the principal, her resenation
utilit y is zero. The seller'sresenation utility is U'R(s) (1  s)?=2 (This is the
expected payo the sellerwould have obtained if she were to make the ultimatum
price o er to the seller). The ex-arte optimal allocation for the buyer is descriked by
the trading rule
1, s b=2

p(s;b) = 0; otherwise

wherep(s;b) is the probability of trade. In this allocation, the buyer always acieves
a positive payo .
The allocation optimal for the buyer when her valuation is public is given by

1; s b=2
1

p(s) = S otherwise

2
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Howewer, onecan verify that this allocation givesnegative payo to the low valuation
buyers. Hence,there doesnot exist a solution to the principal's problem under public
knowledgeof her type. Moreover, in this case,the ex-arte optimal allocation would
not be pointwise separable even if we relaxedthe individual rationality constrairt of
the principal.
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