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Abstract

BIDDING STRATEGIES IN PROCUREMENT-RELATED
TWO-STAGE AUCTIONS
by Kheilyk Yaroslav
Thesis Supervisor:

Professor Prokopovych Pavlo

The focus of this research is on examining the model of the two-stage auction
where the one object is sold on. In the paper, bidders’ strategies are derived for the
first and second rounds in the case of two players depending on players’ type.
Bidding strategies for the first round are compared to equilibrium bidder’s
strategies in the standard first-price sealed-bid auction, and the auctioneer’s
expected revenue is contrasted with the auctioneer’s revenue in the first-price
sealed-bid auction.
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GLOSSARY

Sealed-bid auction. The auction where all buyers submit their bids simultaneous ly ,
and no buyer knows the offers made by the other buyers.

First-price sealed-bid auction. The sealed-bid auction where the bidder, who
offer the highest bet, wins the object and pays his bet.

Two-stage (two-round) auction. The auction consists of two sequential auctions.
In the offered model in the paper, the first one is the first-price sealed-bid auction
and the second one is the auction with ordered moving players.

Reserve price. The minimum price that the auctioneer is willing to sell the item. In
the offered model, the reserve price is set up for second round as the maximum price
proposed at first round.

"Aggressive" strategy. The strategy of the player with lower valuation at the
second round when he bids the bet which equals to the maximum of his valuation
of the object.

"Peaceful" strategy. The strategy of the player with lower valuation at the second
round when he bids the bet which equals to the maximum of his valuation of the
reserve price.

𝐛𝐢𝐣 - the bet of the j-s player at the i-s round
𝐯𝐢 - the valuation of the i-s bidder
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Chapter 1

INTRODUCTION
There are two main characteristics of auction mechanism, defining which auction
is better and which is worse. It is an expected revenue of auctioneer and efficiency
of the auction. There are a lot of well-studied auctions with theoretically calculated
expected auctioneer's revenue: as an open-bid (English auction, Dutch auction) or
sealed-bid (first-price sealed-bid auction, Vickrey auction). But nevertheless,
auctioneers try to maximize their payoff by using different approaches. For
example, reserve price could be applied to improving the profit. Another approach
is to introduce the fixed fee for taking part in the auction. Even more, there is a
more extremal model when all bidders ought to pay their bid regardless of the fact
whether a bidder wins or not. Such type of auction is called all-pay auction.
All these approaches have both advantages and disadvantages. For example,
auctions with exogenously defined reserved price could increase the expected
revenue of the auction, but at the same time, they increase the probability that the
object will not be sold.
One interesting approach, which is commonly used for selling several objects, is a
sequential auction. It is the auction that consists of some finite number of rounds
(stages), at every round of which there are several objects to be sold (more often
one object per one round). There are a lot of research works, which look into
different issues of this type of auctions. Milgrom and Weber (Milgrom, et al., 1982)
were the first to derive the equilibrium in the sequential auction. The impact of
risk-aversion on the bidder's strategies was examined by McAfee and Vincent

(McAfee, et al., 1993). But these researchers studied the case when bidders are
single-unit demand. Bret Katzman (Katzman, 1999), in his paper, found symmetric
equilibria of the two-stage and two-goods auction when bidders are two-unit
demanded.
Nevertheless, there is a lack of research about a multi-round auction where only
one object is sold. Although there are some models using a multi-stage auction for
describing labor market competition (Virag, 2006) or all-pay two-stage auction for
developing the model of the lobby (Hirata, 2014), still there is a lack of studies
about the multi-stage auction. The importance of learning this type of auction is
very actual now for Ukraine. The Ukrainian government applies the auction
mechanism in different fields: procurement (auction in electronic system
“Prozorro”), selling of the arrested properties (electronic system “SETAM”). It’s
especially important to understand the strategy of bidders, which they will apply in
a multi-round auction for the procurement system “Prozorro”, which uses threestage auction with a previously defined reserve price. Currently, there are no
theoretical researches which could answer this question. But at the beginning of
2017, Swedish economist Giancarlo Spagnolo (Stepaniuk, 2017) conducted the
experiment for defining which auction (first-price sealed-bid auction, two-period
auction – simplification of “Prozorro” auction and English auction) brings the
higher expected revenue for the auctioneer. Results of experiment show that the
highest revenue for auctioneer brings first-price sealed-bid auction, second order
is two-round auction and the last one is the English auction. These the results a
little bit confused the expectations of Spagnolo, because according to his view firstprice sealed-bid auction and two-period auction should have the same expected
auctioneer’s revenue.
In this research, we try to understand how the behavior of bidders will be changing
if we apply the concept of several stages for selling one object in case of two-stage
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auction with two bidders. It is not intuitively understandable whether competitors
will use more aggressive strategy comparing to standard first-price sealed-bid
auction. One of the main questions of this study is that if the equilibrium of this
auction will be the same as for the first-price sealed-bid auction. If it’s not true,
what perfect equilibrium could be in this auction and whether this equilibrium will
be symmetric. In addition, our goal is to estimate the expected revenue of
auctioneer and compare it with the standard first-price sealed-bid auction case. The
interesting aspect of this study is whether could give theoretical explanations of
results of the experiment of professor Spagnolo.
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Chapter 2

LITERATURE REVIEW
There are a lot of papers in which different authors consider the mechanism of the
auction for different purposes (the efficiency distribution of resources or
maximization of revenue), under different assumptions about bidder’s valuations,
riskiness, incompleteness or imperfection of information set and using different
approaches for finding equilibrium. One of the most classical paper about the
auction is the article by Milgrom and Weber (Milgrom, et al., 1982) “A Theory of
Auctions and Competitive Bidding”. In this paper, authors consider a huge range
of topics: the first and second-price sealed-bid auction, English auction, revenue
and equivalence conditions for different auctions. The paper shows how riskawareness of bidders influences on their strategy and consequently on the revenue
of auctioneer. The impact of the reserve price and entry fee was also covered in
the research.
A lot of papers pay attention to the auction efficiency. Birulin (Birulin, 2003) studies
the English auction where only one object is sold. In this case, bidders have a
different information about the object. He sets up the model where each bidder
receives signals about the bid and these signals are jointly distributed with some
density function. For solving this auction, the author proposes the own concept of
equilibria (so-called ex-post equilibria). He proves that the proposed auction has an
infinitely many ex-post equilibria. The ex-post equilibrium is defined as BayesianNash equilibrium but such which guarantees that even the revealing of the
information cannot be cause for changing the bidder’s strategy. Another case of
efficiency considered by Burguet and Sakovics (Burguet, et al., 1999) considers the
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competition between auctioneers. Authors study the competition between two
owners of identical goods, who wish to sell them to a pool of potential buyers.
They show that this game has at least one equilibrium, but, since reserve prices
don’t converge to zero, all equilibria are inefficient.
The very interesting two-pay auction mechanism was considered by Radosveta
Ivanova-Stenzel and Doron Sonsino (Ivanova-Stenzel, et al., 2004). Based on the
Israel experience of “The State Auction”, authors consider the model of auction
with several bids. Auction rules are the following: each bidder offers two bids. As
for first-price sealed-bid auction, the bidder with the highest bet wins the object
and if two or several bidders submit the same highest bid then the winner is chosen
randomly with equal probabilities. The winner can pay his low-bid if this bid is
higher than high-bids of all other bidders. Otherwise, the winner pays his high-bid.
Authors found the equilibria for this auction, computed the expected revenue of
auctioneer and compared it with the standard English auction.
Multi-stage auctions, as was mentioned before, usually applied in the case when
several objects are sold. In this case, the auction is called sequential auction and
there is quite a lot of literature in this case.
Sequential auction
Sequential auctions were studied by using different approaches. There are
researchers where the effect of the different number of objects demanded by
buyers is described. From this perspective, the multi-stage auction could be divided
into the auction with multi-unit demand or singe-unit. Another issue, which is
under study, is the effect of revaluation after disclosure of some information (for
example value of bids) after some stages of the auction. As in the case of single
round auction, there are works where the case of the independent value of bidders
and the case of affiliated values are studied.
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Firstly, equilibria of sequential auctions were found in the paper by Milgrom and
Weber (Milgrom, et al., 1982). In their research, they show that prices at the next
stages depend on prices at the previous stage (so-called martingale property). Also,
they found that this property was violated in the case of interdependent values and,
moreover, prices tended to drift upward. On the contrary, Mezzetti, Peke and
Tsetlin (Mazzetti, et al., 2007) derived a symmetric equilibrium in case when part
of objects was sold in the first stage and another part in the second stage. They
considered auctions with revelation of the bet which won at the first-stage. Authors
show that sequential auction possesses the effect of reducing the winning firstround price (so called “lowballing effect”). They prove that a total revenue of
auctioneer is higher for single-round auction than for sequential auction in case of
no announcement winning bid. But they notice that such type of auctions with the
announcement of winning bid could have greater revenue than one-shot auction,
under specific types of model.
A lot of papers discover the impact of different binding conditions on the
expected revenue of auctioneer. For example, Caillaud and Mezzetti (Caillaud, et
al., 2004) study the model of sequential, second-price auctions and the impact of
different levels of the reserve price on “shifting” equilibria from the standard
second-price auction. A reserve price is set up exogenously by seller before the
beginning of auction. Authors characterize the equilibrium of the auction in case
when seller has not any commitment from his side. Different types of bidder follow
strategies which provides security of information. For example, low-valuation
bidders don’t take part in the early auction and high-valuation bidders tend to
"overvalue" their true valuation by the bidding higher bets. The buyers, who receive
a profit by buying at the reserve price, try to avoid from participation at the first
auction with purpose to decrease the reserve price at the second-auction. As a
result, authors summarize that there is no symmetric, monotone, pure-strategy
equilibrium in which a positive measure of types is revealed at the end of the first
6

auction. There are findings of the impact of bidder’s constraint on auctioneer’s
revenue. For example, Saini (Saini, 2010) considers the model with n risk -neutral
bidders, with independent private cost and constraints each of whom wishes to win
both contracts. The auctioneer imposes a reserve price of R in the first auction. In
every round, the bidders simultaneously submit sealed bids, and the contract is
awarded to the lowest bidder. In case when there are at least two bidders who
offered the lowest bid, then the auctioneer signs the contract to each bidder with
equal probability. In the article, it is shown the existence of the Perfect Bayesian
Nash Equilibrium for this auction and it is found for two-period auction.
Some researchers consider the special case of additional requirements for bid in
case of procurement auction. Goswami (Goswami, 2013) based on the Indian
experience in the procurement with quality competition, considers the model of
the auction where bidders (suppliers) offer two “bids” – price and quality of the
good. This auction is two-stage auction: in the first stage bidders with top quality
are qualified to the second stage where the bidder with the lowest price will win
and should deliver the good with the declared quality. The author shows that this
procurement auction has no symmetric equilibrium within continuous monotonic
pure strategies. He makes a conclusion that the auction with exogenously defined
reserve quality is better than the auction mechanism where a minimal quality level
is determined during the auction.
The first results obtained for multi-unit demand in sequential auctions are found
by Katzman (Katzman, 1999). The author considers two very standard secondprice sealed-bid auctions, where each individual bidder has diminishing marginal
valuations. He concludes that when there is no incompleteness of information,
prices at the first and next following rounds are stable or tend to decrease.
Additionally, author notices that the winning allocation of objects can be inefficient
in this case. On the contrary, if the information is incomplete and symmetric,
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bidder’s behavior leds to efficient allocation and prices have tendency to growth.
These findings are reconciled by using the argument based on ex-ante bidder
asymmetry. Katzman found a symmetric equilibrium for this model of the auction.
The effect of the information asymmetric on auctioneer revenue in the dynamic
auction was derived by Wang (Wang, 1993). He considers two-round auctions and
the situation when a seller has some private information about the bid. On the
contrary, bidders don’t have such information. The seller sets up reserve price for
the first round and in this way, he indicates the character of his information (if the
price is high then it’s a good product, otherwise it is not). Results show that for a
seller it is more profitable if the seller sets up reserve price, which allows selling this
product in the first round.
Multi-round auction with one object
In a few papers, the situation of bidder’s strategies and equilibrium for multi-round
auctions, where only one object is sold, is described. Moreover, these models are
very specific. For example, Hirata (Hirata, 2014) considered a special auction
mechanism. The author set up a new model of all-pay auction with two players and
two stages. All bidders submit two bids – at the first and after revealing at the
second stage. They offer their bets simultaneously. The winning bid is defined as
the maximum sum of the bets at each stage. But each player should pay his bid.
The author shows the existence of the unique equilibrium in non-degenerate mixed
strategies in such type auction and provides it in the explicit form. In addition, he
finds the auctioneer’s revenue in the auction and compares the auction with
another mechanism like Stackelberg auction and remarks that these results could
be easily extended to the case with more players.
In some sense, a similar auction to the auction mode, which I plan to consider, is
examined by Virag (Virag, 2007). There, the author applies the model of the auction
8

to the labor market by modeling the case when a worker sells his labor force to
employers, as two-round repeated auction. The article examines a first price sealedbid auction with asymmetry in the private information among bidders. The winner
at each stage of the auction could employ the worker (object) without revealing his
bets made in the previous periods. The author uses similar ideas which are used in
static games for finding the equilibrium in this type of repeated auction. Author
concludes that in the offered model, bidders tend to bid a higher bet in a repeated
auction than in a static auction because a higher probability to win increases the
amount of information which is gathered during the bidding. The more aggressive
behavior of the bidders also constitutes that auctioneer's expected revenue in the
repeated auction is greater than in the one-shot auction.
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Chapter 3

METHODOLOGY
As mentioned in the previous chapters, we will try to compare revenue of the
auctioneer in the standard first-price sealed-bid auction with a model of the
two-stage auction. First, we should give a formal definition of the sealed-bid
auction. According to Maschler (Maschler, et al., 2013), the definition of the sealedbid auction is the next:
Definition (Sealed-bid auction): A sealed-bid auction (with independent private
values) is a vector (𝑇, (𝑉𝑖 , 𝐹𝑖 ) 𝑖 ∈ 𝑁, 𝑝, 𝐶), where:
•

𝑇 = {1, 2, … , 𝑛} is the finite set of purchasers.

•

𝑉𝑖 ⊆ 𝑅 are possible private values of the object for buyer 𝑖, for each 𝑖 ∈
𝑁.

•

For each buyer 𝑖 ∈ 𝑁 there is a cumulative distribution function 𝐹𝑖 over
his set of private values 𝑉𝑖 .

•

𝑝: [0; ∞)𝑁 → ∆(𝑁) is a function which attains to bids 𝑏𝜖[0; ∞)𝑁 with a
distribution according to which the buyer who wins the auctioned object
is identified.

•

𝐶: 𝑁×[0; ∞)𝑁 → 𝑅 𝑁 is a function determining the payment each buyer
pays, for each vector of bids 𝑏𝜖[0; ∞)𝑁, depending on which buyer 𝑖 ∗ 𝜖𝑁
is the winner.
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In a sealed-bid auction, each player (bidder) follows the next rules:
•

The value of object 𝑣𝑖 of each buyer 𝑖, is chosen randomly from the set 𝑉𝑖 ,
according to the cumulative distribution function 𝐹𝑖 .

•

Each bidder 𝑖 knows his private value 𝑣𝑖 , but he doesn’t know the value of
other bidders.

•

Every bidder 𝑖 chooses a bid 𝑏𝑖 𝜖[0; ∞) with respect to his private
value 𝑣𝑖 .

•

The winner, 𝑖 ∗, is chosen according to the distribution 𝑝𝑖 (𝑏1 , 𝑏2 , … , 𝑏𝑛 );
the probability that buyer 𝑖 wins the object is 𝑝𝑖 (𝑏1 , 𝑏2 , … , 𝑏𝑛 ).

•

Every buyer 𝑖 pays the sum 𝐶𝑖 (𝑖∗ ; 𝑏1 , 𝑏2 , … , 𝑏𝑛 ).

The case of the first-price sealed-bid is the symmetric auction with independent
private values. This type of auction we will consider as the first stage for our model
of the auction. Below, we provide a definition of such type of auctions:
Definition (Symmetric auction with independent private values) (Maschler, et al.,
2013): First-price sealed-bid auction, which satisfies conditions below, is called
symmetric auction with independent private values:
1. Only one object offered for sale in the auction, and its object couldn’t be
sold in the parts is indivisible.
2. The auctioneer ready to sell the object of the auction only at positive price.
3. There are 𝑛 buyers.
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4. Private values: All buyers have the same set of possible private values 𝑉.
This set can be a closed bounded interval [0, 𝑣]. Every buyer knows his
private value of the object. The random values 𝑣1 , 𝑣2 , … , 𝑣𝑛 of the private
values of the buyers are independent and identically distributed. Denote by
𝐹 the common cumulative distribution function of the random variables
𝑣𝑖 , 𝑖 = 1, … , 𝑛.
5. Continuity: For each 𝑖, the random variable 𝑣𝑖 is continuous, and its density
function, which we denote by 𝑓, is continuous and positive.
6. Risk neutrality: All the buyers are risk neutral. The main goal for each buyer
is the maximization of his expected profits.
In our model of the auction, we will consider a two-period auction, which consists
of the symmetric auction with independent private values in the first stage and
specially sequenced auction in the second stage. For full description of our model
we need to add next conditions:
Model of the two-stage auction:
1. There are 2 buyers.
2. Buyers have the same set of possible private values 𝑉. Each player knows
his private value 𝑣i , 𝑖 = 1,2 and random variables which modelled these
values are identically and independently distributed.
3. The common cumulative distribution function of the random variables 𝑣𝑖
is the uniformly distributed random variable on the segment [0, 1].
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4. In the first stage, each bidder 𝑖 submits their bid 𝑏𝑖1 𝜖 [0, 𝑣𝑖 ] and for
second stage 𝑚𝑎𝑥 {𝑏11 , 𝑏21 } become a reserve price 𝑟.
5. There is a priority of bidding for the second stage: the bidder with the
lowest bet will make his choice first, the bidder with the second highest
price will bid second and the player with the highest price at the first stage
will have the opportunity to pay the 𝑏22 or reject it and in this case the
bidder with 𝑏22 – bet will become the winner.
6. Every bidder is risk-neutral and he tries to maximize his expected payoff
in the whole auction. At the first round, each player chooses his strategy so
as increase his probability to win in the second-round given his
considerations and beliefs about another player.
7. If player receive offer to accept the bet which equals to his maximum
valuation of the object he tends to reject this offer.
All conditions mentioned above mean that when the buyer 𝑖′𝑠 with his private
value 𝑣i, then if he wins the auctioned object at price 𝑝, his profit is 𝑣i − 𝑝, whether
he knows the private values of other buyers.
Note that for the second stage we have some asymmetry in information, due to
the reason that the player with the highest bid knows less than other players since
all participants of auction know only the reserve price, in other words “winner” of
the first stage has the uniformly distributed valuation on [𝑟, 1].
But at the first stage we observe situation of symmetric auction, when each player
doesn’t have more information about another player or about object at all. For case
of symmetric auction, as in case of first-price sealed-bid auction (Maschler, Solan
and Zamir 2013), is very natural expect to receive symmetric equilibrium. At the
13

same time, we should notice that in offered model two rounds are interconnected,
and even expectation to receive more information in the first round could effect
on the symmetry of this round. Below, we provide a definition of equilibrium in
the symmetric auction.
Definition (Symmetric equilibrium) (Maschler, et al., 2013): In a symmetric auction
with independent private values, an equilibrium (𝛽1∗ , 𝛽2∗ , … , 𝛽𝑛∗ ) is called a
symmetric equilibrium 𝛽𝑖∗ = 𝛽𝑗∗ for all 1 ≤ 𝑖, 𝑗 ≤ 𝑛; that is, all buyers
implement the same strategy.
The proposed model of the auction is described by the concept of the dynamic
game of incomplete information. A common approach to finding equilibrium in
this type of games is finding of perfect Bayes equilibrium (PBE). This is an
extending of Bayes equilibrium, which is equilibrium for the dynamic game with
complete information. Gibbons (Gibbons, 1992) cited the following definition of
the PBE:
Definition (PBE): A perfect Bayesian equilibrium consists of strategies and beliefs
satisfying the next four requirements:
Requirement 1. The player needs to make movement should have beliefs at which
node game already reached at this information set. For a nonsingleton information
set, a belief is a probability distribution over the nodes in the information set; for a
singleton information set, the player's belief concentrates all probability on this
unique decision node.
Requirement 2. For each bidder, his strategy should be sequentially rational with
given their beliefs. Consequently, the player chooses his strategy in an optimal way
at each node, considering his beliefs and full set of actions of other players after
this node.
14

Requirement 3. If information set is located on the equilibrium path then player’s
beliefs are satisfied to Bayes’ rule and is a result of the players’ optimal strategies.
Where information set on equilibrium path is defined by the next definition:
Definition (Information Set on Equilibrium Path): We will call information set,
which could be reached with non-negative probability if players follow equilibrium
strategies, as an information set is on the equilibrium path. In another case,
information set is off the equilibrium path.
Requirement 4. If information set is located off the equilibrium path then player’s
beliefs are satisfied to Bayes’ rule and is a result of the players’ optimal strategies
where it is possible.
Remark. The offered model of two-round auction quite well satisfies to the
definition of signaling game. Really, if we consider player’s bid 𝑏𝑖1 , 𝑖 = 1,2 at the
first-round as the signal for another player and player’s bid 𝑏𝑖2 at the second-round
as the action in the game, and assume that each player 𝑖 with probability 1 > 𝑝𝑖 >
0 expects that another 𝑗 player has lower valuation of the object 𝑣𝑖 > 𝑣𝑗 and with
probability 1 − 𝑝𝑖 vice versa, this game will be signaling game.
Since we will compare strategies of the bidders and auctioneer’s expected revenue
in proposed two-round auction with first-price sealed-bid auction, we need to
provide similar results for first-price sealed-bid auction in case of two players.
According to proof in (Maschler, et al., 2013), symmetric equilibrium for first-price
𝑣

𝑣

sealed-bid auction with two players is strategy profile (𝑏1 , 𝑏2 ) = ( 21 , 22 ). Indeed,
let’s assume that second player follows strategy 𝑏2 =
motivation to deviate from strategy 𝑏1 =

𝑣1
2

2

. The first player has the

if this in some way increase his payoff.

The next expression gives his expected profit:
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𝑣2

Π (𝑏1 ,

𝑣2
𝑣2
, 𝑣1 ) = 𝑃 {𝑏1 > } (𝑣1 − 𝑏1 ) = 𝑃 {2𝑏1 > 𝑣2 }(𝑣1 − 𝑏1 ) =
2
2
= min{2𝑏1 , 1} (𝑣1 − 𝑏1 )

(1)

1

The profit function is quadratic over the interval 𝑏1 ∈ [0, 2 ] with maximum at
𝑏1 =

𝑣1
2

1

. On the interval 𝑏1 ∈ [ , 1], this function is linear with the negative slope,
2

that’s why again the profit function attains maximum at the point 𝑏1 =

𝑣2
2

. The last

means that this strategy is the best response for the first player. And whereas
bidders are symmetric, the same reasons the second player shouldn’t deviate from
strategy 𝑏2 =

𝑣2

(𝑏1 , 𝑏2 ) = (𝑣1 , 𝑣2 ) is the
.
It
proves,
that
strategy
profile
2
2 2

symmetric equilibrium. This result will be our benchmark for the comparison
player's behavior and equilibrium in our model.
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Chapter 4

EXPLANATION OF BIDDER’S BEHAVIOR
Since we have an auction with two stages, for finding equilibrium in the model we
need to use the backward induction method, in other words, we need to start from
the end of the game. Let’s consider the second stage of our auction. As it follows
from the model of the auction we have 2 players with their valuations 𝑣1 , 𝑣2 and
reserve price 𝑟 = max{𝑏11 , 𝑏21 } = 𝑏11 . But contrary to the previous stage there is
the situation with asymmetric information, because in the first round the first player
reveals that his valuation of the object is not less a 𝑟. Hence, the second bidder
knows and the first bidder knows that the second bidder knows that his valuation
𝑣1 ∈ 𝑈[𝑟, 1], in return the first player knows about the second and the third
player only that their valuation 𝑣2 ∈ 𝑈[0, 1].
We should make one important remark about the rational behavior of the bidders
and their expectations:
Remark: If the first player submits bid 𝑏1 in the first round and 𝑏11 > 𝑏21 , it means
for the second player that valuation of the first player is higher than valuation of
the second player or 𝑣1 > 𝑣2 .
The last remark is applicable and for the first player, in other words, if 𝑏11 > 𝑏21 he
𝑣

𝑣2

2

2

assumes that 𝑣1 > 𝑣2 . We can show that the linear strategy profile [ 1 ;

] is not

unique optimal in the first round for this case. This means that for both players
there is another strategy, which doesn’t decline the payoff of each player.
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𝑣

Let’s show it. By contradiction, let’s assume that players follow [ 21 ;

𝑣2
2

] strategy

profile in the first round. As suggested by the perfect Bayes equilibrium approach,
𝑣

𝑣2

2

2

we should start from the second stage for proving that [ 1 ;

] is optimal. In the

second round there could be two cases, depending on the relation between 𝑣1
and 𝑣2 :
1. A bid of the first player in the first round is higher than the valuation of
the second player or 𝑣2 <

𝑣1
2

;

2. A bid of the first player in the first round is less than the valuation of the
second player or 𝑣2 >

𝑣1
2

.

In the first case, the second player will submit nothing except the reserve price
𝑟=

𝑣1
2

or even reject to submit anything. It befalls, because the price is too high

for him and if he wins even with reserve price, his payoff will be negative. But since
the first player is rational and he offers in the previous round the bid 𝑏11 =

𝑣1
2

,

which becomes the reserve price for the second stage it means that he is ready to
take the object for 𝑟 =

𝑣1
2

. Consequently, we have for the second round the

equilibrium profile ["𝑡𝑎𝑘𝑒"; 𝑟] for this case.
The second case is more complicated. From 𝑣2 > 𝑟 and the second players
assumption that 𝑣2 < 𝑣1 it follows that the second player is indifferent choosing
the bid 𝑏22 𝜖[𝑟; 𝑣2 ]. He is afraid to offer 𝑏22 > 𝑣2 due to the incredible threat. Even
since he expects that 𝑣2 < 𝑣1 he doesn’t know the difference between 𝑣2 and 𝑣1 ,
which means he will not try to offer the bid higher than 𝑣2 for not overbidding the
𝑣1 . The latter means that in the second round all outcomes ["𝑡𝑎𝑘𝑒"; 𝑏22 ] where
𝑏22 𝜖[𝑟; 𝑣2 ] are possible and optimal for players. Let’s notice that payoffs for the
18

𝑣

second player equal to 0 and for the first player is varied in interval [𝑣1 − 𝑣2 ; 21 ]
in this case.
Now, let’s return to the first round. We need to consider the strategy of the first
player for given outcomes in the second round and given strategy of the second
player 𝑏21 =

𝑣2
2

in the first round. The first bidder faces the next maximization

problem:
max
(𝑣1 − 𝑏22 (𝑏1 ))𝑃{𝑏22 (𝑏11 ) <
1
𝑏1

(2)

< 𝑣1 |𝑏11 > 𝑏21 } + (𝑣1 − 𝑏12 (𝑏21 ))𝑃{𝑏12 (𝑏21 ) ≥
≥ 𝑣2 |𝑏11 < 𝑏21 }
under constraint 𝑏11 ≤ 𝑏22 ≤ 𝑣2

The last formula means that the first player tries to maximize his payoffs in the
auction by choosing the strategy in the first round under the condition that he is
really “first player” (first term of the whole expression) and the condition that he
lost the first round, but, nevertheless his valuation is the highest valuation (second
term of the expression). The detailed description and solution to this problem will
be made in the next part. Now, we should remember, that the payoff of the first
bidder depends on the bid of the second player in the second round, which in its
turn depends on the bid of the first player in the first stage. Consequently, we
should return to two cases of the second round. In the case 𝑣2 >

𝑣1
2

, the second

player could play “aggressive” strategy (𝑏22 = 𝑣2 ), “peaceful” strategy (𝑏22 = 𝑟) or
their mix (𝑏22 = 𝑡𝑟 + (1 − 𝑡)𝑣2 ) since he is indifferent between them. First, we
try to consider two extremal cases (“aggressive” and “peaceful” strategy) for
understanding how the first player should choose his bid in the first round.
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Case of “aggressive” strategy
Let’s assume that the second player plays the aggressive strategy in the second stage
and 𝑣1 − 𝑣2 <

𝑣1
2

. Here the first player can’t increase his payoff from 𝑣1 − 𝑣2 ,

because if he chooses 𝑏11 > 𝑣2 he will decrease his benefit, but if he chooses
𝑏11 <

𝑣2

he will lose in the first round. The latter means that he is indifferent to

2

choose between

𝑣2
2

and 𝑣2 . As a result, 𝑏11 =

In the case if 𝑣1 − 𝑣2 >

𝑣1
2

𝑣1
2

is not unique optimal.

, the first player could increase his payoff from

𝑣1 − 𝑏22 (𝑏11 ) = 𝑣1 − r = 𝑣1 −

𝑣1
2

=

𝑣1
2

by bidding lower bid 𝑏11 up to 𝑣2 . But at

the same time, the first player increases the risk to lose in the first round, which
means that his expected payoff will decrease. The last means that for the case
𝑣2 <

𝑣1
2

, it’s not obvious if the strategy 𝑏11 =

𝑣1
2

is optimal for the first player or

not.
Case of “peaceful” strategy
Since in this case the second player always chooses to bid the reserve price, the first
player has only one constraint 𝑏11 ≥

𝑣2
2

for the purpose to remain a winner in the

first round. That’s why he has an infinitely great number of possible bids
(𝑏11 ≥

𝑣2
2

and 𝑏11 <

𝑣1
2

), which brings him an higher payoff than strategy 𝑏11 =

𝑣1
2

.

The last one means that this strategy could be not optimal.
Whereas, the case of 𝑣2 <

𝑣1
2

is reduced to the case of “peaceful” strategy. The last

one proves that for the first player the strategy 𝑏11 =
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𝑣1
2

is not unique optimal.

Chapter 5

CASE OF “AGGRESSIVE” STRATEGY
Now, we try to answer the question, if it is symmetric equilibrium in the whole
game and the first round particularly. Primarily, we should check, if the strategy
𝑏𝑖1 =

𝑣𝑖
2

for the first round, could be the part of the equilibrium of the whole game.

Second round
Let’s assume, that it is true and the player with the lower valuation 𝑣2 follows this
strategy. Let’s check if the first player also follows this strategy. It’s not difficult to
show that for the player with lower valuation of the object, the strategy 𝑏22 = 𝑣2 is
optimal in the second round in this case. The second player, if he believes that all
players follow in the first round the symmetric strategy, it will maximize his
expected payoff in the second round:
E[Π (𝑧, 𝑣2 , 𝑏21 =

𝑣2

)] = 𝐹2 (𝑧|𝑏21 =
2

𝑣2

𝑣

) ×[𝑣2 − 𝑏22 (𝑧, 22 )],
2

(3)

Where 𝐹2 is the distribution function of winning for the second player, and 𝑧 is the
value for which the bid (strategy) 𝑏22 of the second player is optimal for him at the
second stage.
For solving this problem, we apply the first order condition: differentiating
Π (𝑧, 𝑣2 , 𝑏21 =

𝑣2
2

) with respect to 𝑧:
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𝑓2 (𝑧|𝑏21 =

𝑣2

𝑣

) × [𝑣2 − 𝑏22 (𝑧, 22 )] − 𝐹2 (𝑧|𝑏21 =
2

𝑣2

′

𝑣

) ×𝑏22 (𝑧, 22 ) = 0,
2

(4)

Where 𝑓2 is the density of the distribution function 𝐹2 . Reformulating this result in
the differential equation form:
𝑣
𝑓2 (𝑧|𝑏21 = 2 )
𝑣
2
2 [𝑣 − 𝑏2 (𝑧, 𝑣2 )]
𝑏22 (𝑧, ) =
2
2
𝑣
2
2
𝐹2 (𝑧|𝑏21 = 22 )
′

(5)

𝑣

With natural, but not so relevant for this case boundary condition 𝑏22 (0, 2 ) = 0.
2

𝑣

One of the solutions of the equation above is the strategy 𝑏22 (𝑧, 2 ) = 𝑣2 . Really,
2

this is a stable outcome for the second round, because there could be 2 situations
in the first round:
1. The second player lose: 𝑏21 < 𝑏11 ;
2. The second player won: 𝑏21 > 𝑏11 .
In the first situation, the second player realizes that the first bidder has higher
valuation, consequently, he can’t do better than bidding 𝑏22 = 𝑣2 . Indeed, the
winner of the first round knows that he is the winner, and that he has higher
valuation than the loser. In the second stage, the first player will be waiting for the
move of the second player. But whatever action is chosen by the second player, he
knows that the first player has higher valuation 𝑣1 and, consequently, the first
player agreed to pay the bid of the second player, which obviously couldn’t be
higher than 𝑣2 due to the incredible threat.
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Another case, if the second player won in the first stage, it means that the first
player learned valuation 𝑣2 of the second player, since he knows that the second
player played 𝑏21 =

𝑣2
2

in the first stage. As a result, he can bid exactly 𝑣2 at the

second stage. For clarity, we can assume that in this situation the second player may
well to agree on 𝑣2 price and he will give up fighting for the object. In this case,
the second player again receives 0 payoff and the first bidder 𝑣1 − 𝑣2 . No one can
do better under these assumptions.
We still consider the case when 𝑣2 < 𝑏11 or in other words, when valuation of the
bidder who evaluate the object lower than another one is lower than the bid of
bidders who evaluates the object higher. But this is the special case (“peaceful
strategy”) with the other resulted strategy, which will be considered later.
Remark: Now, when we show that the player with lower valuation will play strategy
𝑏22 = 𝑣2 if he bid

𝑣2
2

at the first stage, it should be noticed that the player with

higher valuation will always play strategy “agree” in this case, because his payoff
𝑣1 − 𝑣2 will be positive in this case.
First round
In the first-period, bidders are faced with slightly more complex decision-making
problem. Now we assume, whatever may happen at the first stage, players follow
in the second round the strategy profile [𝑏12 = “agree”; 𝑏22 = 𝑣2 ]. And as before,
one player follows the strategy 𝑏21 =

𝑣2
2

. Now, if another player plays the same

strategy it means that we found symmetric equilibrium.
It’s necessary to notice that from our consideration of the second round the next
statement naturally implies:
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Statement (1): If one from these two players follows the strategy 𝑏𝑖1 =

𝑣𝑖
2

in the

first round and it is the player with lower valuation, then in the auction the player
with higher valuation will win.
Under these circumstances, the first player will face the next maximization
problem:
max
Π(𝑏1 ) = E (𝑣1 − 𝑏22 |𝑣1 > 𝑣2 ) 𝑃{𝑏11 (𝑣1 ) > 𝑏21 (𝑣2 )} +
1
𝑏1

+ E(𝑣1 − 𝑏12 |𝑣1 > 𝑣2 )𝑃{𝑏11 (𝑣1 ) < 𝑏21 (𝑣2 )} +
+ E(𝑣1 −

𝑏22 |𝑣1

<

𝑣2 )𝑃{ 𝑏11 (𝑣1 )

>

𝑏21 (𝑣2 )}

(6)

+

+ E(𝑣1 − 𝑏22 |𝑣1 < 𝑣2 )𝑃{ 𝑏11 (𝑣1 ) < 𝑏21 (𝑣2 )}
The expression above describes all possible outcomes of the auction for the first
bidder. The first term describes the case when the player with higher valuation
chooses his bid 𝑏11 in the first round so that it is higher than the bid of the second
player. The second term describes the opposite situation. The third and fourth
terms describe the cases when the first player has lower valuation (𝑣1 < 𝑣2 ) of the
object and the first player wins and losses in the first round respectively. The
profit-maximization expression could be simplified to the next:
𝑣2
}+
2
𝑣
+ E(𝑣1 − 𝑏22 |𝑣1 > 𝑣2 )𝑃 {𝑏11 (𝑣1 ) < 2 }
2

max
Π(𝑏1 ) = E(𝑣1 − 𝑏22 |𝑣1 > 𝑣2 ) 𝑃 {𝑏11 (𝑣1 ) >
1
𝑏1

(7)

Here, the third and fourth terms equal to 0, because we have a conditional
expectation E(𝑣1 − 𝑏22 |𝑣1 < 𝑣2 ) in both terms, which under the statement (1)
equals to 0. From the statement (1) we conclude that the player with higher
valuation will win in the auction. But for E(𝑣1 − 𝑏22 |𝑣1 < 𝑣2 ) we observe that
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𝑣1 < 𝑣2 , or in other words the first player has lower valuation than the second
one, consequently, the first player will lose the auction and his payoff equals to 0.
In addition, since the first player assumes that the second player follows the strategy
𝑏21 (𝑣2 ) =

𝑣2
2

we substituted in (1) 𝑏21 (𝑣2 ) on

𝑣2
2

. Moreover, according to our

consideration for the second round, the second player will bid in the second round
the bid which exactly equals to his valuation. Hence, for the first the term in (7):
𝑏22 = 𝑣2 . But even if the first player lost the first round and the observed valuation
of the second player, and realized that his valuation is higher, the first player can
bid exactly 𝑣2 . That’s why, for the second term 𝑏12 = 𝑣2 . As a result, (7) is
simplified to:
𝑣2
}+
2
𝑣
+ E(𝑣1 − 𝑣2 |𝑣1 > 𝑣2 )𝑃 {𝑏11 (𝑣1 ) < 2 }
2

max
Π(𝑏1 ) = E(𝑣1 − 𝑣2 |𝑣1 > 𝑣2 ) 𝑃 {𝑏11 (𝑣1 ) >
1
𝑏1

But, since 𝑃 {𝑏11 (𝑣1 ) <

𝑣2
2

} = 1 − 𝑃 {𝑏11 (𝑣1 ) >

𝑣2
2

}, we have:

max
Π(𝑏1 ) = E(𝑣1 − 𝑣2 |𝑣1 > 𝑣2 ) (𝑃 {𝑏11 (𝑣1 ) >
1
𝑏1

+

𝑃 {𝑏11 (𝑣1 )

(8)

𝑣2
}+
2

(9)

𝑣2
< }) = E(𝑣1 − 𝑣2 |𝑣1 > 𝑣2 )
2

The last expression shows us that whatever strategy a player with the highest
valuation will choose in the first round if the second player follows 𝑏21 =

𝑣2
2

not change the expected payment of the player with the highest valuation.
Let’s compute the expected payoff of the first player:
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it does

E(𝑣1 − 𝑣2 |𝑣1 > 𝑣2 ) =
=

1
∙
𝑃{ 𝑣1 > 𝑣2 }

∙ (∬(𝑣1 − 𝑣2 )𝑓𝑣1 −𝑣2 (𝑣1 , 𝑣2 )𝑑𝑣1 𝑑𝑣2 ) =

(10)

𝐷

=

1
∙ (∬(𝑣1 − 𝑣2 )𝑓𝑣1−𝑣2 (𝑣1 , 𝑣2 )𝑑𝑣1 𝑑𝑣2 )
𝑃{ 𝑣1 > 𝑣2 }
𝐷

For computing the last expression, we need to notice that 𝑓𝑣1−𝑣2 (𝑣1 , 𝑣2 ) – density
function of the difference of independent and uniformly distributed random
variables, equals to
𝑥, 𝑖𝑓 𝑥 ∈ [−1; 0]
𝑓𝑣1−𝑣2 (𝑥) = { 1 − 𝑥, 𝑖𝑓 [0; 1]
0, 𝑖𝑓 𝑥 ∉ [−1; 1]

(11)

As a result:

∬(𝑣1 − 𝑣2 )𝑓𝑣1−𝑣2 (𝑣1 , 𝑣2 )𝑑𝑣1 𝑑𝑣2 =
𝐷
0

(12)

1

= ( ∫ 𝑥 2 𝑑𝑥 + ∫ 𝑥 (1 − 𝑥 )𝑑𝑥 ) = 1/2
−1

0

At the same time
1

𝑃{𝑣1 > 𝑣2 } = 𝑃{𝑣1 − 𝑣2 > 0} = ∫(1 − 𝑥 )𝑑𝑥 = 1/2
0
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(13)

Finally:
E(𝑣1 − 𝑣2 |𝑣1 > 𝑣2 ) = 1/4

(14)

It should be noticed from the point of view of the bidder with lower valuation,
under the same consideration, namely that another player will play the strategy
𝑏11 =

𝑣1
2

in the first round, and after observing that he has higher valuation he will

play the strategy 𝑏12 = 𝑣2 (by offering this price or simply agreeing on it) in the
second round, he has no any incentives to deviate from the strategy 𝑏21 =

𝑣2
2

.

Indeed, if the bidder with lower valuation in some way overbid the player with
higher valuation in the first period – another player will play his valuation 𝑣1 > 𝑣2
in the second period and will win the auction. From the other side, if the player
with lower valuation loses the first round and will play 𝑣2 in the second round the
player with higher valuation will agree on this price and win the object.
As a result, for this case, we can conclude that under the assumption that in the
second round the strategy profile [𝑏12 = “agree”; 𝑏22 = 𝑣2 ] takes place, it’s not
important what strategies are chosen by players in the first round.
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Chapter 6

CASE OF “PEACEFUL” STRATEGY
Now, let’s consider the more complicated case when the player with expected
lower valuation will use other approach of solving his profit-maximization
problem. We already explained that when the player with lower valuation observed
that the first player’s bid in the first round is higher than his valuation, he will not
bid in the second round anything except the reserve price.
Given this information, the player with higher valuation will face the similar
problem in the first round, as in the case when the player with lower valuation plays
𝑣2 in the second round:
max
Π(𝑏1 ) = E(𝑣1 − 𝑏22 |𝑣1 > 𝑣2 ) 𝑃 {𝑏11 (𝑣1 ) > 𝑏21 (𝑣2 )} +
1
𝑏1

+ E(𝑣1 − 𝑏12 |𝑣1 > 𝑣2 )𝑃{𝑏11 (𝑣1 ) < 𝑏21 (𝑣2 )} +

(15)

+ E (𝑣1 − 𝑏22 |𝑣1 < 𝑣2 )𝑃{𝑏11 (𝑣1 ) > 𝑏21 (𝑣2 )} +
+ E (𝑣1 − 𝑏22 |𝑣1 < 𝑣2 )𝑃{𝑏11 (𝑣1 ) < 𝑏21 (𝑣2 )}
But here, we have another outcome. With similar arguments, as in the previous
case, the third and fourth terms of the last expression will wane. In the first term
𝑏22 = 𝑟 = 𝑏11 (𝑣1 ) because the second player observed that overbid 𝑏11 is too
expensive for him. Since the second term describes the case when the first player
lost, but observed that his valuation is higher than the second player valuation, the
first player will bid 𝑏12 = 𝑣2 for overbidding the second player. Hence, we have:
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𝑣2
}+
2
𝑣
+ E(𝑣1 − 𝑣2 |𝑣1 > 𝑣2 )𝑃 {𝑏11 (𝑣1 ) < 2 }
2

max
Π(𝑏1 ) = E(𝑣1 − 𝑏11 (𝑣1 )|𝑣1 > 𝑣2 ) 𝑃 {𝑏11 (𝑣1 ) >
1
𝑏1

(16)

The last maximization problem is solved by taking the derivative with respect to
𝑏11 . But first of all, we ought to notice that it’s natural to assume, that 𝑏11 (𝑣1 ) it
increases the function and guarantes that for this function there is the inverse
function (𝑏11 (𝑣1 ))−1 according to the theorem about the continuous and
increasing function. Since 𝑃 {𝑏11 (𝑣1 ) <
𝑃 {𝑏11 (𝑣1 ) >

𝑣2
2

𝑣2
2

} = 1 − {𝑏11 (𝑣1 ) >

𝑣2
2

}, and fact that

} = 𝑃{ 𝑣2 < 2𝑏11 (𝑣1 )} = 𝐺(2𝑏11 (𝑣1 )), where 𝐺(∙) is the

distribution function of 𝑣2 . For simplicity, we will denote 𝑏11 (𝑣1 ) = 𝑏11 . We can
rewrite the profit-maximization expression:
max
Π(𝑏1 ) = E(𝑣1 − 𝑏11 |𝑣1 > 𝑣2 ) (1 − 𝐺 (2𝑏11 )) +
1
𝑏1

+ E(𝑣1 − 𝑣2 |𝑣1 >

(17)

𝑣2 )𝐺(2𝑏11 )

Simplifying the last expression:
max
Π(𝑏1 ) = E(𝑣1 − 𝑏11 |𝑣1 > 𝑣2 ) (1 − 𝐺 (2𝑏11 )) +
1
𝑏1

+ E(𝑣1 − 𝑣2 |𝑣1 > 𝑣2 )𝐺(2𝑏11 ) =
= E(𝑣1 − 𝑏11 | 𝑣1 > 𝑣2 ) + E(𝑏11 − 𝑣2 |𝑣1 > 𝑣2 )𝐺(2𝑏11 )
If applying the first order condition with respect to 𝑏11 , we will receive:
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(18)

′

(− E(𝑏11 |𝑣1 > 𝑣2 )) +
+ 2(E(𝑏11 |𝑣1 > 𝑣2 ) − E(𝑣2 |𝑣1 > 𝑣2 ) )𝑔(2𝑏11 ) +

(19)

′

+ E(𝑏11 |𝑣1 > 𝑣2 )𝐺 (2𝑏11 ) = 0
Making simple arithmetic transformation, we will receive:
′

E(𝑏11 |𝑣1 > 𝑣2 )( 𝐺(2𝑏11 ) − 1) + 2E (𝑏11 − 𝑣2 |𝑣1 > 𝑣2 )𝑔(2𝑏11 ) = 0

(20)

Any conditional expectation from 𝑏11 and its derivative equal to itself, because
𝑏11 is not a random variable, that’s why, the last expression could be simplified to
the next expression:
′

𝑏11 ( 𝐺(2𝑏11 ) − 1) + 2𝑏11 𝑔(2𝑏11 ) − 2E(𝑣2 |𝑣1 > 𝑣2 )𝑔(2𝑏11 ) = 0

(21)

Since in our case we choose 𝐺 (∙) as uniformly distributed function on the segment
[0; 1], we should to consider different cases depending on the value of 2𝑏11 :
2𝑏1 , 𝑖𝑓 2𝑏11 ∈ [0; 1]
𝐺 (2𝑏11 ) = { 1
1,
𝑖𝑓 2𝑏11 > 1

(22)

1, 𝑖𝑓 2𝑏11 ∈ [0; 1]
𝑔(2𝑏11 ) = {
0,
𝑖𝑓 2𝑏11 > 1

(23)

And consequently:

But the case when 2𝑏11 > 1, we receive the degenerate case (0=0), because
1 − 𝐺 (2𝑏11 ) = 1 − 1 = 0 and 𝑔(2𝑏11 ) = 0. In the case, when 2𝑏11 ∈ [0; 1] we
will receive:
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′

𝑏11 (2𝑏11 − 1) + 2𝑏11 − 2E(𝑣2 |𝑣1 > 𝑣2 ) = 0
But E(𝑣2 |𝑣1 > 𝑣2 ) =

𝑣1
2

(24)

, because 𝑣2 is the uniformly distributed random variable

on the segment [0; 𝑣1 ] (due to condition 𝑣1 > 𝑣2 ) and according to the general
formula for the expected value of the uniformly distributed random variable
𝑎+𝑏

E(𝑋) =

2

, if 𝑋 ∈ [𝑎; 𝑏]. That’s why, the last expression will reduce to:
′
𝑏11 (2𝑏11 − 1) + 2𝑏11 − 𝑣1 = 0,

(25)

or
′

𝑏11 =

𝑣1 − 2𝑏11
2𝑏11 − 1

(26)

The last equation is a Cauchy problem with the following initial condition
𝑏11 (0) = 0, which means that the bidder with the zero-valuation is ready to bid
only 0.
It is obvious that the linear strategy 𝑏11 (𝑣1 ) =

𝑣1
2

is not the solution to the last

Cauchy problem, which means that the auction has no symmetric equilibrium in
this case.
We can’t find explicit solution of this equation, because it is a nonlinear and
nonhomogeneous equation which can’t be simplified. But we can find the
approximated solution, which satisfies initial conditions. We will look for solution
in the next form:
′′

𝑏11 (𝑣1 )

=

𝑏11 (0)

′
+ 𝑏11 (0)𝑣1

′′′

𝑏11 (0) 2 𝑏11 (0) 3
+
𝑣1 +
𝑣1 + 𝑜(𝑣1 3 )
2!
3!
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(27)

The expression above is Taylor’s series of the 𝑏11 (𝑣1 ) function at the point
𝑣1 = 0. The existence solution in such form is guaranteed by the assumption that
𝑏11 (𝑣1 ) is analytical function at the 𝑣1 ∈ [0,1] (Titchmarsh 1939). Here 𝑜(𝑣1 3 ) is
the all other elements in Taylor’s sum which are higher by order compare with 𝑣1 3 .
We can provide more accurate solution, but since we consider case when 𝑣1 ∈
[0,1], even approximation up to third order is well enough for making conclusions
about 𝑏11 (𝑣1 ).
According to initial condition 𝑏11 (0) = 0, we receive that the first term in Taylor’s
series equals to 0. Consequently, the second term equals to:
′

𝑏11 (0) =

0 − 2𝑏11 (0)
0
=
=0
1
2𝑏1 (0) − 1 −1

(28)

Calculations for third and fourth term in (27) are provided in the appendix by
formulas (38) and (40). As the result, we obtain the next approximation for
𝑏11 (𝑣1 ) = | −

𝑣1 2
| + 𝑜(𝑣1 3 )
2

(29)
𝑣

𝑣

This means that player’s behavior deviates from the strategy profile of [ 21 ; 22 ],
which is an equilibrium strategy profile for the first-price sealed-bid auction.
Consequently, it implies that the auctioneer’s expected revenue for the case of the
two-round auction will be different. But for the explicit finding of the revenue, we
should consider all the “mixed” cases, when the player with lower valuation doesn't
play 𝑣2 or reserve the price in the second round. In return, we can compare the
auctioneer’s expected revenue with revenue in the first-price sealed bid auction.
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Chapter 7

COMPARE AUCTIONEER’S REVENUE IN TWO-ROUND AUCTION
AND FIRST-PRICE SEALED-BID AUCTION
In this part, let us compare the results obtained for the two-round auction with the
results for the first-price sealed-bid auction in terms of the auctioneer. According
to (Maschler, Solan and Zamir 2013), in the case of the first-price sealed-bid auction
with two players with uniformly distributed on segment [0,1] valuations, the
auctioneer’s expected revenue equals to 1/3.
We will start to compute the auctioneer’s expected revenue from the case when the
second player follows aggressive strategy in the second round. As is found in the
previous chapter, if the player with lower valuation follows the strategy 𝑏22 (𝑣2 ) =
𝑣2 only two possible outcomes can be in this case:
•

player with lower valuation bids the bet equals to 𝑣2 and the player with
higher valuation agreed to pay this amount (the case when the player with
higher valuation won in the first round)

•

player with higher valuation bids the bet equals to 𝑣2 and player with lower
valuation rejects this bet, as a result the player with higher valuation wins
the object by the price 𝑣2 (the case when the player with higher valuation
lost in the first round)

But in both cases, the highest payoff which auctioneer receives is equal to 𝑣2 .
Consequently, the expected revenue equals:
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(30)

𝐸[min {𝑉1 , 𝑉2 }]
Where Vi , 𝑖 = 1,2 distribution functions, which describe bidder’s valuation.

We will compute (30), using the inverse expression - max{V1 , 𝑉2 }. Note that:
(31)

max{ 𝑉1 , 𝑉2 } + min{ 𝑉1 , 𝑉2 } = 𝑉1 + 𝑉2

Let’s denote 𝑋 = max{𝑉1 , 𝑉2 }. While we assume that distribution functions 𝑉1 , 𝑉2
are independent and uniformly distributed on [0,1]:
𝐹𝑋 (𝑥 ) = 𝑃(𝑋 < 𝑥 ) = 𝑃(max{ 𝑉1 , 𝑉2 } < 𝑥 ) =
= 𝑃 (𝑉1 < 𝑥 )×𝑃(𝑉2 < 𝑥 ) = 𝑥 2

(32)

The expected value of the last expression equals:
1

1

𝐸[𝑋] = ∫ 𝑥𝑑𝐹𝑋 (𝑥 ) = ∫ 2 𝑥 2 𝑑𝑥 =
0

0

2
3

(33)

1

Since 𝐸 [𝑉1 ] = 𝐸 [𝑉2 ] = 2 , because they are uniformly distributed on [0,1], we
receive:
𝐸 [max{ 𝑉1 , 𝑉2 }] + 𝐸 [min{𝑉1 , 𝑉2 }] = 𝐸[𝑉1 ] + 𝐸 [𝑉2 ] =

1 1
+ =1
2 2

(34)

2
And since we received that 𝐸[max{𝑉1 , 𝑉2 }] = 𝐸[𝑋] = 3 , then 𝐸[min {𝑉1 , 𝑉2 }] =
1
3

. The last one means that in the “aggressive” case, the auctioneer’s expected

revenue equals to auctioneer’s expected revenue in the first-price sealed-bid
auction.
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Remark. Since we received that in the case of the aggressive strategy winning the
bet equals to valuation of the lower player, this result is the same as in the case of
the second-price sealed-bid auction.
In the case when the player with lower valuation follows the peaceful strategy, or
in other words he bids the bet equals to the reserve price and another player accepts
this bid, we didn’t get the explicit expression for the winning bet. But according to
our estimation from the first round
𝑟 = 𝑏11 (𝑣1 ) = | −

𝑣1 2
| + 𝑜(𝑣1 3 )
2

(35)

Consequently, the winning bet equals to

max {| −

𝑣1 2
𝑣2
| + 𝑜(𝑣1 3 ), | − 2 | + 𝑜(𝑣2 3 )}
2
2

(36)

This means that the winning bet in this case is smaller than in the first-price sealed𝑉

𝑉

2

2

bid auction, where the winning bet equals to max { 1 , 2 } (𝑣𝑖 ∈ [0,1] hence
2

𝑣2 ≪ 𝑣2 ).
Since two extremal cases are considered, when the winning bet equals to the reserve
price for the second round or to valuation of the player with lower valuation of the
object and for both cases the auctioneer’s expected revenue doesn’t exceed the
auctioneer’s expected revenue in the first-price sealed-bid auction, we can conclude
that the same result will be true for all mixed cases.
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Chapter 8

CONCLUSIONS
Auctions are commonly used in various areas of the economy where there is no
market or different types of market failures could be present. Depending on what
goals are set up before the auctioneer, two main characteristics describe auctions:
the expected revenue of an auctioneer and efficiency. There is more common
practice for private auction that tries to maximize the expected revenue of an
auctioneer. But it directly depends on strategies of players, which they follow. The
last, in its turn, depends on rules and mechanisms of the proposed auction.
The goal of this research is to check whether the same strategy profile will be
equilibrium for the multi-round auctions. In the paper, the model of the two-stage
auction with two bidders was considered where only one object is sold. Each bidder
is rational and risk-averse with a uniformly distributed valuation of the object. Since
in the case of the multi-round auction we face a dynamic game of incomplete
information, for finding the equilibrium of the auction we applied the mechanism
of the perfect Bayes equilibrium. It is natural that we searched for player’s strategies
among linear strategies.
As was expected, the behavior of players in the first round is determined by the
desired results in the second round. In this work, two types of bidders were
considered: “aggressive” and “peaceful”. According to the arguments provided in
the paper, we can conclude that in the case of aggressive player’s behavior, there is
an infinitely great number of equilibrium strategies of the player in the first round,
including the profile which is the equilibrium of the first-price sealed-bid auction.
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For the case of peaceful player’s behavior, the result is quite opposite. Despite the
fact that we could not find the explicit form of equilibrium for this case, we clearly
showed that the profile consisting of the halves the private players’ valuation could
not be the equilibrium for the first round.
There is another aspect concerning the expected profit auctioneers. Depending
upon bidder’s types it could equal to the auctioneer’s expected revenue in the firstprice sealed-bid auction (when a player with lower valuation relates to “aggressive”
type), and it could be less if the player with lower valuation relates to another type.
Therefore, we conclude that the first-price sealed-bid auction should bring higher
payoff for the auctioneer than the offered two-stage model. This result is
confirmed by the experiment of professor Spagnolo (Stepaniuk, 2017), which
shows that the first-price sealed-bid auction brings higher expected revenue
comparing to the two-round auction.
“Prozorro” makes use the similar, but more complicated auction mechanism than
the auction considered in the paper. We examined one of the characteristics of the
auction which is important for procurement auction – the expected revenue. The
efficiency of the auction was not the topic of this research, but depending on the
auctioneer’s goals, for choosing the appropriate mechanism, this is quite important
too. Relating to auctioneer’s revenue, we received that even in the pretty simple
case of two players with the uniformly distributed valuations, first-price sealed-bid
auction is the more profitable mechanism for the auctioneer. Consequently, we can
expect that for the more common situation, where the number of players is more
than two, their valuations of the object are more sophisticated, the mechanism of
the first-price sealed-bid auction is better for increasing of the auctioneer’s profit.
That’s why, if the main task for “Prozorro” auction is to save more money for the
state, it would be better to change the existed mechanism on another type of
auction, for example on the mentioned first-price sealed-bid auction or second-
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price sealed-bid auction (because according to revenue equivalence principle these
auctions are equivalent in the sense of auctioneer’s revenue).
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APPENDIX
Calculation for the second term in Taylor’s series for first player bid at the first
stage:
′′
𝑏11 (𝑣1 )

′
(1 − 2𝑏11 )(2𝑏11 − 1) − 2𝑏11 (𝑣1 − 2𝑏11 )
=
(2𝑏11 − 1)2

(37)

′′
′
And 𝑏11 (𝑣1 ) at 𝑣1 = 0 considering that 𝑏11 (0) = 0 and 𝑏11 (0) = 0
′

′′
𝑏11 (0)

(1 − 2𝑏11 (0))(2𝑏11 (0) − 1) − 2𝑏11 (0)(0 − 2𝑏11 (0))
=
=
(2𝑏11 (0) − 1)2
(1 − 0)(0 − 1) − 0(0 − 0)
=
= −1
( 0 − 1) 2

(38)

Calculation for the third term in Taylor’s series for first player bid at the first stage:
′′′

𝑏11 (𝑣1 ) =

′′

′′

′

′′

′

′

−2𝑏 11 (2𝑏 11 −1)−4𝑏 11 𝑏 11 −2𝑏 11 (𝑣1 −2𝑏 11 )−2𝑏 11 (1−2𝑏 11 )
4
(2𝑏 11 −1)
′

′

2 (𝑏 11 −1)((1−2𝑏 11 )(2𝑏 11 −1) −2𝑏 11 (𝑣1 −2𝑏 11 ))
(2𝑏 11 −1)

4

41

−
(39)

′′′

′′

′

And 𝑏11 (𝑣1 ) at 𝑣1 = 0 considering that 𝑏11 (0) = −1 , 𝑏11 (0) = 0 and
𝑏11 (0) = 0
′′′
𝑏11 (0) =
′′

′′

′

−2𝑏11 (0)(2𝑏11 (0) − 1) − 4𝑏11 (0)𝑏11 (0)
=
+
(2𝑏11 (0) − 1)4
′′

′

′

2𝑏11 (0)(2𝑏11 (0) − 0) − 2𝑏11 (0)(1 − 2𝑏11 (0))
+
−
(2𝑏11 (0) − 1)4
′

−

2(𝑏11 (0) − 1) (1 − 2𝑏11 (0)) (2𝑏11 (0) − 1)
(2𝑏11 (0) − 1)4

+

′
4𝑏11 (0)(𝑏11 (0) − 1)(0 − 2𝑏11 (0))
+
=
(2𝑏11 (0) − 1)4

=

−2 ∙ (−1) ∙ (2 ∙ 0 − 1) − 4 ∙ (−1) ∙ 0 + 2 ∙ (−1) ∙ (2 ∙ 0 − 0)
−
( 2 ∙ 0 − 1) 4

−

2 ∙ 0 ∙ ( 1 − 2 ∙ 0)
−
( 2 ∙ 0 − 1) 4

−

2 ∙ (0 − 1) ∙ ((1 − 2 ∙ 0)(2 ∙ 0 − 1) − 2 ∙ 0 ∙ (0 − 2 ∙ 0))
=0
( 2 ∙ 0 − 1) 4
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(40)

